ANTI-SELFDUAL CONNECTIONS ON THE 
QUANTUM PROJECTIVE PLANE: MONOPOLES 
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o 

Abstract. We present several results on the geometry of the quantum projective plane. 

^vq They include: explicit generators for the K-theory and the K-homology; a real calcu- 

lus with a Hodge star operator; anti-selfdual connections on line bundles with explicit 
computation of the corresponding 'classical' characteristic classes (via Fredholm mod- 

^ ules); complete diagonalization of gauged Laplacians on these line bundles; 'quantum' 

00 characteristic classes via equivariant K-theory and ^-indices. 
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1. Introduction 

Quantum spaces are revealing rich geometrical structures and are the subject of intense 
research activities. In this paper we present a construction of monopoles on the quantum 
projective plane CP^. By a monopole we mean a line bundle over CP^, that is to say 
a 'rank 1' (in a sense to be made precise) finitely generated projective module over the 
coordinate algebra A(CP 2 ), endowed with a connection having anti-selfdual curvature; 
these are described in Sect. 6. Necessary for the anti-selfduality was a differential calculus 
and a Hodge star operators on forms. In Sect. 5 we give a full differential *-calculus on 
CP 2 with an Hodge star operator which satisfies all the required properties. 

Both the K-theory and the K-homology groups of the quantum projective plane are 
known: K (A(CP 2 q )) ~ Z 3 ~ K°(A(CP 2 q )) while ^(^(CPj)) = = K\A(CP 2 q )). Thus, 
a finitely generated projective module over A(CP 2 ) is uniquely identified by three integers. 

Hermitian vector bundles over a homogeneous space - actually the corresponding mod- 
ules of sections - can be equivalently described as vector valued functions over the total 
space which are equivariant for a suitable action of the structure group: that is to say, 
one thinks of sections as 'equivariant maps'. This construction still makes sense for quan- 
tum homogeneous spaces. In Sect. 3 we describe general Hermitian 'vector bundles' on 
CP 2 , as modules of equivariant elements; we then specialize to line bundles, for which we 
construct explicit projections (they are all finitely generated projective modules). The 
generators of the K-homology are obtained in Sect. 4 where we also compute their pair- 
ings with the line bundle projections; the resulting numbers are interpreted as the rank 
(always 1 for line bundles) and 1st and 2nd Chern numbers of the underlying 'vector 
bundles'. In particular, we identify three natural generators for the K-theory of CP 2 and 
three dual generators for its K-homology. 

Classically, topological invariants are computed by integrating powers of the curva- 
ture of a connection, and the result depends only on the class of the vector bundle, and 
not on the chosen connection. In order to integrate the curvature of a connection on 
the quantum projective space CP 2 one needs 'twisted integrals'; moreover, one does not 
gets integers any longer but rather g-analogues of integers. In Sect. 7 we give some gen- 
eral result on equivariant K-theory and K-homology and corresponding Chern-Connes 
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characters, and then focus on CP^ with equivariance under the action of the symmetry 
algebra U q (su(3)). In particular, we construct twisted cocycles that, when paired with 
the line bundle projections, give g-analogues of monopole and instanton numbers of the 
line bundle. As a corollary, we obtain that when the deformation parameter q is tran- 
scendental the equivariant K -gronp has (at least) a countable number of generators, 
<' (iu(3)) (i(CP^)) D Z°°. 

After this introduction, we start in Sect. 2 with some basic results on the geometry of 
the quantum projective plane CP^ and its symmetry algebra U q (su(3)). 

One of our motivation for the present work was to study quantum field theories on 
noncommutative spaces. The construction of monopoles on CP^ that we present here 
(instanton configurations on CP^ will be reported in [10]) is a step in this direction. In 
this spirit, in Sect. 6.2 we study gauged Laplacian operators acting on modules of sections 
of monopole bundles. Their complete diagonalization is made possible by the presence of 
many symmetries. From the point of view of physics, such an operator would describe 
'excitations moving on the quantum projective space' in the field of a magnetic monopole. 
In the limit q — > 1 it provides a model of quantum Hall effect on the projective plane. 

Notations. 

Throughout this paper the real deformation parameter will be taken to be < q < 1. 
The symbol [x] denotes the q- analogue of x G C, 

q x _ q -x 

N : = — ; 

q-q 1 

For n a positive integer the g-factorial is [n]\ := [n][n — 1] . . . [2][1], with [0]! := 1 and the 
g-binomial is given by 



n 



[m\ \[n — m\\ 

For convenience we define the g-trinomial coefficient as 

[,■ U 71! - n -(.jk+kl+lj) [j + k + l V- n }) 

We shall use Sweedler notation for coproducts A(/i) = ® h( 2 ) with a sum understood. 
Finally, all algebras will be unital *-algebras over C, and their representations will be 
implicitly assumed to be unital ^representations. 

2. The quantum projective plane and its symmetries 
We recall from [7] some results on the geometry of the quantum projective plane. 
2.1. The algebra of 'infinitesimal' symmetries. 

Let U q (su(3)) denote the Hopf *-algebra generated by elements {Ki, K~ l , E h -Fj}j =lj2 , 
with *-algebra structure Ki = K* and F; = E*, and relations 

[K l ,K J ] = 0, [E^F^ ^Zq-i ' F ^ = if ^ 3, 

K i E i Kr 1 = qE i , K r E 3 K~ x = q-^Ej if i± j , 
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and (Serre relations) 

E 2 i E j - (q + q-^EiEjEi + EjE 2 = V % ± j . (2.1) 

Additional relations for the F^s are obtained from the above ones by taking their *- 
conjugated. Our U q (su(3)) is the 'compact' real form of the Hopf algebra denoted 
U q (sl(3)) in Sect. 6.1.2 of [13]. With the g-commutator defined as 

[a, b] q := ab — q _1 ba , 

relations (2.1) can be rewritten in the form [E i: [Ej, Ei] q ] q = or [[Ei, Ej] q , Ei] q = . 
Counit, antipode and coproduct are given by 

e(Ki) = 1 , e(E z ) = e(F 4 ) = , 
S(Ki) = K- 1 , S(Ei) = -qE, , S(F t ) = -g" 1 ^ , 
A(K i ) = K i ®K i , A(E i ) = E i ®K i + K~ 1 ®E i , A(F.) = F z ® K t + K~ l ® F, , 

for i = 1,2. An easy check on generators gives for the square of the antipode: 

S 2 (h) = {KiKi) 4 h (Ki^ 2 )- 4 , for all h G U q (su(3)) . (2.2) 

For obvious reasons we denote U q (su(2)) the Hopf *-subalgebra of U q (su(3)) generated 
by the elements {K 1: iff 1 , E x , Fx}, while U q (u(2)) denotes the Hopf *-subalgebra gener- 
ated by U q (su(2)) and L = K X K\ and L^ 1 = (KiK 2 )~ l . We shall also use the notation 
U q (u(l)) for the Hopf *-subalgebra generated by L and L^ 1 . 

We need finite-dimensional highest weight irreducible representations for which the ifj's 
are positive operators; these are all the finite-dimensional irreducible representations that 
are well defined for q — >■ 1. For U q (su(3)) these representation are labelled by a pair of 
non-negative integers (721,722) G N 2 . Basis vectors of the representation (721,722) carry a 
multi-index j = (ji, j 2 ,m) satisfying the constraints 

^ = 0,1,2,...,^, i = 1,2, and + h) ~ H G N . (2.3) 

The representation (721,722) is conveniently described as follows. We let |f) denote its 
highest weig ht vector, i.e. E t |t) = and if, |t) = q ni/2 ||> for i = 1,2, and we let 
X™ 1 '™ 2 G W,(j6u(3)) be the element 



v ni,U2 ._ A7-ni,ri2 \ r ^ ' n l ~ Jl Ul+J2)-"H-fcr „ ]ni-ji-k rpj2+k (n a\ 

• v — "• "-'-"^ ./: • ./, • /■• ■ nl k r 1 [F2 ' FiJ ^ F2 ' (2 - 4) 



with 

r n+32 



7yni,Tl2 

3i,32,m 



= A- T ■ ,11 / [^ + m]! [72 2 -j2]!bi]! K+^ + lji^+^ + l]! 
vL/! ; " ''[^-m]! K-ji]!b 2 ]! H!H!K + 722 + 1]! 



Then, the vector space underlying the representation is spanned by the vectors 

\i) := X™ 1 '™ 2 |t). Using the commutation rules of U q (su(S)) one proves that in this basis 
the representation is given by (cf. [7, Sect. 2]) 

Ki \ji,j 2 ,m) := q m \j 1 ,j 2 ,m) , 
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K 2 \ji,j2,m) := qUn-^+Un^-m) \ juj ^ m) > 

Ei \ji,j 2 ,m) := yj [\ ( ji + j 2 ) - rn] + j 2 ) + m + 1] \j 1 ,j 2 ,m + 1} , 
£2 \ji,j2,m) := yj[\{ji+j 2 ) - m + 1] A ilj2 |ji + l,j 2 ,m- §) 

+ ^[kUi+h)+m]B jlda \3 U J2 - l,m - |) , 
with Fj the transpose of and with coefficients given by 



4 • • 



K-Ji][n 2 +Ji + 2][j 1 + l] 



[j'l+j2 + l][jl+j2 + 2] ' 

n 1+ j2 + l]N2-j2 + l]b2] ifjl+j2 _, 0; 



S jlJa := < V b'i+J2][ji+j2 + l] 

1 if ji +J2 = . 

It is a ^representation for the inner product (i\jf) = 5^. With our notation, the highest 
weight vector is |t) = |^i,0, \rii). The representation p™ 1 '™ 2 : U q (su(3)) — > End(V nun2 ), 
has matrix elements Pij U2 (h) := (i\h\j). 

Since L = K\K\ commutes with all elements of U q {su{2)), any irreducible representa- 
tion t7£ :N of U q (u(2)) is the product of a representation of U q (su(2)) (these are labelled 
by the 'spin ' £ with £ G |N), and a representation of charge iV of the Hopf *-subalgebra 
U q (u(l)) generated by L, that is a£ :N (L) = q N . Restricting the representation p ni > n2 of 
U q (su(3)) to U q (u(2)) we get: 

ni+n-2 min{t,ni-£} 
2^=0 w +"l-"2 =max{ _^_„ 2} 



and thus the representations ct^n of U q (u(2)) appearing as components in at least one 



representation of U q (su(3)) are only those for which £+\N e |Z, or equivalently £+iV e Z 



(since 2feZ). 

For later use (in Sect. 6.2) we need the Casimir operator; it is the operator given (in a 
slightly enlarged algebra, cf. [7]) by 

C q = (q~ q' l Y 2 {(H + H~ l ) {{qK^f + (qK^)' 2 ) + H 2 + H~ 2 - e} 
+ (qHK 2 + q- x H- x K 2 2 ) F X E X + (qH^K 2 + q^HK' 2 ) F 2 E 2 

+ qH[F 2 ,F 1 ] q [E 1 ,E 2 } q + qH- 1 [F 1 ,F 2 } q [E 2 ,E 1 ] q , (2.5) 

with := (fTi/C^ 1 ) 2 / 3 . In the representation p ni < n2 it has spectrum 

C i\v = " n 2)] 2 + [|(2m + n 2 ) + l] 2 + [|(m + 2n 2 ) + l] 2 . (2.6) 
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2.2. The quantum SU(3) group. 

The deformation ^4(SU g (3)) of the Hopf *-algebra of representative functions of SU(3) is 
given in [18] (see also [13], Sect. 9.2). As a *-algebra it is generated by elements Up with 
i,j = 1,2,3 , having commutation relations 

ulul = qu{ui , u\u) = qu)u\ , V i < j , 

K u{] = , [4, uf] = (g - g" 1 )^^^ , V i < j, k < I . 

There is also a cubic relation 

E 7reS3 (-^ l|7r|l <i)< 2 )<3 ) = i , 

with the sum over all permutations ir of the three elements {1, 2, 3} and | \n\ | is the length 
of Ti. The *-structure is given by 

K-r = (-?r'«< 2 - ?« 2 ) , 

with {fci,/^} = {1,2,3} \ {i} and {/i,^} = {1,2,3} \ {j}, as ordered sets. Thus for 
example (u\)* = u\u\ — qu\u\. Coproduct, counit and antipode are the standard ones: 

A K) = 12 k u k ® M ? ' e K) = 3 > 5 K) = («?)* • 

There is a non-degenerate dual pairing (cf. [13], Sect. 9.4) 

(, ) :W,(j6u(3)) x^(SU,(3)) ->C, 

which allows one to define left > and right < canonical actions of U q (su(3)) on ,A(SU 9 (3)), 

h > a — a(i) (h, a(2)) , and a < /i = (/i, a(i)) a(2). 

By using the counit on these equations one gets that 

(/i, a) = e(h>a) = e(a<i/i), (2.7) 

for all h G U q (su(3)) and a G „4(SU 9 (3)). Also, it is known that the left (resp. right) 
canonical action is dual to the right (resp. left) regular action. For the case at hand this 
is the statement that 

(xhy, a) = (x, a w ) (h, a (2) ) (y, a (3) ) = (h,y>a<x) , (2.8) 

for all x,y,h G U q (su(S)) and a G ^4(SU 9 (3)). On generators the actions are given by 

= W*.^ , u j k <\Ei — 5 i+hj ui , «i < = Siju? 1 . (2.9) 

By the Peter- Weyl theorem [13] a linear basis {t™}'™ 2 } of ,A(SU 9 (3)) is defined implicitly 
by 

<M£' TO >=p£ ,na W' v/t6 W))- 
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From the definition it follows that A(t^'" 2 ) = £^'" 2 ®tff 2 and (Q n2 )* = S(t^' n2 ) 
(that is, t Ul,n2 is a unitary matrix). Also, this matrix transforms according to the repre- 
sentation p™ 1 '™ 2 under the left /right canonical action: 

for all /i G W g (su(3)). For (ni,n 2 ) = (0, 1) the elements i™}'™ 2 are just the generators 
(properly reordered). Let us describe them in general. 

Proposition 2.1. VFe /icwe 

fif 2 = x; 1 -" 2 > {(^i)*} 711 ^)" 2 < PC 1 '" 2 )* , (2.ii) 

where X™ 1 '™ 2 are given in (2.4). 

Proof. By the Poincare-Birkhoff-Witt theorem [13, Thm. 6.24'], the vector space U q (su(3)) 
is spanned by elements of the form h = f K^K^e, where e is a product of E'j's and / is 
a product of Fj's. Since |t) = (tl = 0, it follows that p^f 2 (h) = unless e and / 
have degree zero. For e = / = 1 one gets p^ n2 (h) = ^ ( ™ 1+sn2) , since K { |t) = q n%12 ||>. 

Let us define u^f 2 := {(u\)*} ni (u 3 3 ) n2 . From the explicit formulae (2.9) it follows 
that Ei t>u^f 2 = = u^f 2 < F t . Thus, by using (2.7), (/ ' K[K°e,u")f 2 ) = unless 
e — f — 1. When e = / = 1, from K; L > m™!^ 2 = -u^'™ 2 < Ki = q ni ^ 2 u^ n2 it derives that 
(iqi^V™) = Hence, (M™, 1 /* 2 } = p^'™ 2 ^) for all he U q (su(3)). But 

this implies that 

(h,t£ 1 ")=p£ 1 *(h) = (i\h\i) = (TKXf^r/^-IT) 

= p™ i t ' n2 ((x[ ii ' n2 )*/ i x; i ' ri2 ) = ((x[ ii ' n2 )*/ i x; i ' ri2 , M ; i i t '" 2 ) 
= (h, x; 1 '" 2 > < (x? una )*) , 

using the identity (2.8). Thus t n ^f 2 = X™ 1 '" 2 > u^f 2 < (X™ 1 '" 2 )*, which is just (2.11). □ 

2.3. The quantum 5-sphere and the quantum projective plane. 

The most natural way to arrive to CP 2 is via the 5-sphere S q . We shall therefore start 
from the algebra of coordinate functions on the latter, defined as 

A(S 5 q ) := {aeA(SV q (3))\a<h = e(h)a, V h G U q (su(2))} 

and, as such, it is the *-subalgebra of ,A(SU 9 (3)) generated by elements {uf , % — 1, . . . , 3} 
of the last 'row'. In [20] it is proved to be isomorphic, through the identification Z{ = v%, 
to the abstract *-algebra with generators Zi,z*, i = 1,2,3, and relations: 

ZiZj = qzjZi V i<j , z*Zj = qzjz* Vi^j, 

[zl,Z!] = Q, [z* 2 ,z 2 \ = (1 -q 2 )z x z\ , [z* 3 ,z 3 ] = (1 -q 2 )(z l z* l + z 2 z* 2 ) , 

Z\Z\ + z 2 z\ + z^z 3 = 1 . 

These relations will be useful later on. 
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The *-algebra A(CP 2 ) of coordinate functions on the quantum projective plane CP 2 , is 
the fixed point subalgebra of ,4.(SU ? (3)) for the right action of U q (u(2)), 

A(CP 2 q ) := {aeA(SV q (3))\a<h = e(h)a, V h G U q (u(2))} 

= {a G A(S 5 q )\a<K 1 Kl = a} . (2.12) 

Clearly, both A(S q ) and A(CP 2 q ) are left ZY 9 (5u(3))-module *-algebras. 

The *-algebra A(CP q ) is generated by elements pij := z*Zj = {u\)*u^ = p* { and from 
the relations of A(S q ) one gets analogous commutation relations for A(CP q ): 

PijPkl = q^-V+^-ri p MPij if i ± I and k , 

PijPjk = /Sn(^) + sign( fe - j)+ l p . kp .. _ (1 _ p . ipik iii^k, 

PijPji = 'f^ : J: l> ,;!>,! + (l-q 2 ) (E« q 2si8n{t ~ j) Pm 3 ~ Zkj PuPi) if J , 

with sign(O) := 0. The elements p^ are the matrix entries of a projection P = (p^), that 
is P 2 = P = P*. This projection has g-trace: 

Tr g (P) := gV + Q 2 P22 + P33 = 1- 

This projection gives the 'tautological line bundle' on CP 2 ; general line bundles will be 
discussed in Sect. 3.2 below. 

Remark 2.2. The two equalities in (2.12) give algebra inclusions *4(CP 2 ) .4(SU ? (3)) 
and A(CP 2 ) °-> A(S q ). These could be seen as 'noncommutative principal bundles' with 
'structure Hopf algebra' U ? (2) and U(l) respectively. Indeed, the action of U q (u(2)) on 
^4(SU g (3)) dualizes to a coaction of U g (2) for which .4.(CP 2 ) is the algebra of coinvariants. 
Analogously, the action of U q (u(l)) on A(S q ) dualizes to a coaction of U q {l) ~ U{\) for 
which again .4.(CP 2 ) is the algebra of coinvariants. These are noncommutative analogues 
of the classical U(2)-principal bundle SU(3) — > CP 2 and ?7(l)-principal bundle S 5 — > CP 2 . 

3. Hermitian vector bundles 

On the manifold CP 2 we shall select suitable 'monopole' bundles. These will come as 
associated bundles to the principal fibrations on CP 2 mentioned in the previous section. 
We start with the general construction of associated bundles: the starting idea is to define 
their modules of 'sections' as equivariant vector valued functions on SU q (3). 

3.1. Hermitian bundles of any rank. 

With any n-dimensional ^representation a : U q (u(2)) — > End(C n ), one associates an 
*4.(CP 2 )-bimodule of equivariant elements: 

m{a) =^(SU 9 (3))K CT C n 

:= {v G A(SXJ q (3)) n I a(S(h {1) ))(v < h {2) ) = e(h)v ; V h G U q (u(2))} , 

where v = (v\, . . . ,v n Y is a column vector and row by column multiplication is implied. 
It is easy to see that 9Jt(o") is also a left A(CP 2 ) x W g (5u(3))-module. In particular, 
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A(CPq) = 971(e) is the module associated to the trivial representation given by the 
counit. A natural ^4.(CP^)-valued Hermitian structure on 97t(cr) is defined by 

M(a) x Tt(a) ->• A(CP 2 q ) , (v, v') ^ ■ v' , (3.1) 

where v< is the conjugate transpose of v and again one multiplies row by column. Indeed, 
if v,v' G 97T(<t), for h G U q (u(2)), and denoting t := S(h)*, we have that 

-v'<h = (v* < h {1) )(v' < h {2) ) = (v f < h {1) )a(h {2) )a(S(h {3) ))(v' < h {4) ) 
= (u* <h {1) )a(h {2) )e(h {3) )v' = {a(h* {2) )v<S(h {1) )*}*v' 
= {a(S(t {l) ))v < t (2) ) } V = e(*) V ■ v' = e(h) J . v > ■ 

thus v* -v' G A(CP q ) as it should be. We think of each 97t(o") endowed with this Hermitian 
structure as the module of sections of an equivariant 'Hermitian vector bundle' over CP 2 . 

Remark 3.1. Composing the Hermitian structure with (the restriction to A(CP q ) of) 
the Haar functional (p : .A(SU 9 (3)) — > C, we get a non-degenerate C- valued inner product 
on 9Jt(cr), (v,v') := (p(v^ ■ v'). This will be used later on in Sect. 5.3 when defining a 
Hodge operator on forms and gauged Laplacian operators on modules of sections. 

Clearly 9Jt(eri) © Wl(a 2 ) ~ VJl(ai © a 2 ) for any pair of representations a 1: a 2 . We 
have also an inclusion VUl^ai) ©.4(cp 2 ) 97T(o"2) C 97T(o"), where a := <J\ © a 2 is the Hopf 
tensor product of the two representations. Indeed, for v = (vi, . . . , i>„)* G 97t(<7i) and 
v ' = (v[, . . . , v' n ,y G 971 (er 2 ), the product w = v ©.4(cp 2 ) v' satisfies 

v(S(h {1) )) ■ (w < h {2) ) = <7i(S(/i ( i)) (1) )(*; < h {2){1) ) ® A{C p^ a 2 (S(h {1) ) {2) )(v' < h {2){2) ) 

= ai(S(h {2) ))(v < h {3) ) ©^ (C p2) a 2 (S(h {l) ))(v' < h (A) ) 
= e(h {2) )v ©^ (CP 2) (T 2 (S(h (1) ))(v' < h {3) ) 
= v ©4 (C p2) a 2 (S(h {1) ))(v' < h {2) ) 
= e(h)v ©^( C p2) v = e{h)w , 

where we used anti-comultiplicativity of the antipode, 

S(h) w © S (h) ( 2) = S(h (2) © h {1) ) . 

Thus, w G 971(a). The inclusion is an isometry for the natural inner product 

(vi ©^(CP 2 ) v 2 ,v[ ©^( C P2) v 2 ) = {vi,v[} (v 2 ,v 2 ) 

on 971(0-1) ©^( C p2) 97T(<7 2 ). 

For the representations discussed at the end of Sect. 2.1, ct^n '■ ^<?( u (2)) — > End(C 2 ^ +1 ), 
with £ G |N and £ + N G Z, we denote S^jy := 97t(cr£ i Ar). All these S^jv are finitely- 
generated and projective as one sided (i.e. both as left or rig ht) .4(CP 2 )-modules. Now, 
since there always exists an irreducible representation p™ 1 -™ 2 of £V 9 (su(3)) containing cr^jv as 
a summand, and since 97t(cr^jv) is a direct summand (as a bimodule) in the corresponding 
bimodule 97T(p ni '™ 2 \u q (u(2))), to establish the statement it is enough to show that all the 
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Wl(p ni ' n2 \u q (u(2))) are free both as left and right (but not as bimodules!) ^(CP^-modules. 
But this is easy; indeed, as left ^(CP^-modules, we have the following isomorphism 

: A(CP 2 q ) d ^ ni ' n > m{p n ^\ UqH2)) ) , 0(a), := £^f 2 > 

0- 1 : 97l(p— | M , (U(2)) ) ^(CP 2 ,)*^" 1 '" 2 , 0-», := , 

where t™}'™ 2 G .A(SU 9 (3)) are the elements defined in (2.11). The maps and _1 are 
well defined from (2.10); and clearly, they are left ^(CP^-module maps. That they are 
one the inverse of the other follows from the unitarity of the matrix t ni ' n2 . 
Similarly, as right ^(CP^-modules we have the following isomorphism 

0' : A(CP 2 q f^ 2 -> m{p n ^\ Uq{u{2)) ) , 0'(a), := Efif^i > 

0'" 1 : 9H(p™k (u(2)) ) ^(CP 2 )^" 1 '" 2 , ^(v), := Ei(*S ,Ba )*«i • 

3.2. Line bundles. 

In the construction of the vector bundles over CP 2 we have in particular £ ,o = A(CP 2 q ). 
Moreover So,at are 'sections' of 'line bundles'; before we discuss them in more details in 
this section, we note that they can equivalently be obtained out of the sphere S q : 

Z , N ^ {v e A(S 5 q ) | V < K X K\ = q N V } . (3.2) 

We are ready to compute projections P/v for the modules S 0i at, thus realizing them as 
S 0)JV ^ P N A(CP 2 q ) dN as right modules, and S ,tv ^ A(CP 2 q ) dN P_ N as left modules (notice 
the ' — ' sign; and remember that N labels representations), for a suitable integer oIn- 

Lemma 3.2. For N > we have 

E^ = >MK^44)(^44r = i , 

where \j,k,l]\ are the q-trinomial coefficients in (1.1). 

Proof. We seek coefficients Cj : k,i(N) such that J2j+k+i=N c j,k,i(N)(z{z$z l 3 )(z{z%z l 3 )* = 1. 
From the algebraic identity 



1 = E -+ m= m c ^ N + 1)(^'44)(^'44)* 



j+k+l=N+l 



E „ C ^.K 7V )(^44)(^1^ + *2*2 + Z 3 Z*)(Z{Z*Z 3 



= E j+k+l = N ?- 2(fe+ °c, M (^)(^ +1 44)(^ +1 44)* 

+ E J+fe+ , =iV ?- 2/ 9, fc ,/(iv)(^4 +1 4)(^4 +1 4)* 



+ E ^ 1=N 



we get the recursive equations 

c jVM (iV + 1) = <T 2(fc+, Vi >Jfc> ,(;V) + o- 2 ' Cj - fe _ M (A0 + ^^(TV) , (3.3) 
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where N + 1 = j + k + / and with 'initial datum' c ,o,o(0) = 1. Thus, Cj jk j(N) are the 
vertices of a g-Tartaglia tetrahedron. Since 

[j + k + I] = q~ k ~ l [j] + q j ~ l [k] + q j+k [l] , 

one verifies that Cj ik j(N) = [j, k,l]\ is a solution by plugging it into (3.3). 
Similarly, since q^z\z\ + q 2 z\z 2 + z^z 3 — 1, we have the algebraic identity 

1 = E i+fc+I=JV+1 d ^ N + i)te44)*(*i'44) 

= E N d h kAN){z{z k 2 z l z r{q A zl Zl + g%*z 2 + z* 3 z 3 )(z{z k z l 3 ) 

+ E J+fc+ , =w ^ 20 ' +fc)rf ^^ Ar )(^44 +1 )*(^'44 +1 ) , 

that gives the recursive equations on the coefficients 

d jAl (N + 1) = q%. 1Al (N) + q- 2 > +2 d hk _ ltl {N) + q~ 2 ^ d^^N) , 

with 'initial datum' d ,o,o(0) = f • The solution is dj >k> i(N) = g 27V g 2<J_/ )[j, k, /]!, as one can 
check by using the identity [j + k + 1} = q k+l [j] + q l ~ j [k] + q~ j ~ k [l}. □ 

Proposition 3.3. Define 

(^Y-VtiJJV-444, HN>0 and with j + k + I = N , 

W"k,iY--=Q- N+i ~ l VUJ^(4$4Y, ifAr <0 and with j + k + l = -N. 
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Let ^ N be the column vector with components ipj^i and Pn be the projection - of 
d N := |(|iV| + 1)(\N\ + 2) - given by 

P N := V N ¥ N . (3.4) 

Then one has £ ,iv ^ P N A{CP 2 q ) dN as right A(CP 2 ) -modules and £ ,v ^ A(CP 2 q ) dN P- N 
as left A(CP 2 ) -modules. 

Proof. The column vector ty N has entries in number d^ = + 1)0-^1 +2) and \Izjy is 

a row vector of the same size. By the previous lemma ^/^^/at = 1, so P n := ^ N ^ N is a 
projection. Next, consider the right ^(CP^-module map 

P N A(CP 2 q ) d "^A(SXJ q (3)), v = (v jM )^*\ f -v= J2 i^kiY^Ki- 

i+j+k=N 

Since each Zi is W g (5u(2))-invariant and z\ < K 2 = q^Zi, it follows that & N < h — e(h)^ N 
for all h G W,(su(2)) and ¥ N < K 1 K 2 = q N ^ j N . Hence, the image of v is in S 0i at- The 
inverse ^4(CP^)-module map is 

£ ,v ->• iVA(CP*) d " , a ^ , 
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thus proving that we have an isomorphism of right ^4(CPg)-modules. The proof for the 
left module structure is completely analogous, the two module maps being in this case 

V ^ Ei +J+ k=N V iArt],k,l and a ^ a ^-N- 

It turns out that what we just computed are the elements t®'f for iV > (resp. t^f'° 
if N < 0). The next proposition yields the exact relation with the matrix entries of \lzjy. 

Proposition 3.4. It holds that 

N /(*of)*' with i=( Q J + k >U k -3)) and for all > , 
3M | (t-?'°)* , with i=(j + k, 0, \{j - k)) and for all N < . 

Proof. For A^ > and i = (0, 21, m) the generic label of the representation (0, N), defini- 
tion (2.11) gives 



.o,n _ x (o,N) N _ 1 [N-2l}\ [l + m}\ , m 2l N 



Induction on A" yields 
and induction on I yields 

F 2l N _ ^=1 1(21-1) W- 21 N-21 

2 3 ~ q q [N-2l}\ 2 3 

Similarly, changing the labels 3 — > 2 and 2 — )> 1: 



pl-m 21 _ -k(l-m)(l-m-l) [ 2 ^]' „i-m J+m 



Thus 



4" = v/ p^HSiiFHi ^-^-^V^-^-x^-M-^-* 



_ (V^m,J+m,JV-2j) ? 

which establishes the case N > 0. The proof for the case A^ < is similar. □ 

It is computationally useful to introduce the left action h Ch, of U q (su(3)) on 
^4(SU g (3)), given by L^a := a< S' _1 (/i); it satisfies C x (ab) = (C x a){C X{1) b) due to the 
presence of the antipode. Also, it is a unitary action for the inner product on ^4(SU g (3)) 
coming from the Haar state tp. The proof is a simple computation: 

V ((C h *a)*b) = V ({a<S- 1 (h*)}*b) = V ({a*<h}b) = y?({a* < h (1) }e(h {2) )b) 

= ip({a* < h {1) }{b < 5- 1 (/i (3) )/i(2)}) = ¥({a*(b < 5- 1 (/i (2) ))} < h {1) ) 

= e(h {1) ) V (a*{b<S- 1 (h { 2 ) )}) =<p(a*{b<S- 1 (h)}) 

= V (a*(C h b)) , 

for all a,b e ^4(SU g (3)) and h G U q (su(3)). With this action the bimodule 9Jt(<r) can be 
viewed as the set of elements of «4(SU ? (3)) ® c dimcr that are invariant under the action 
C hll) ®a(h(2)) of /ieW,(u(2)). 
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4. Characteristic classes 

Equivalence classes of finitely generated projective (left or right) modules over an 
algebra A - the algebraic counterpart of vector bundles - are elements of the group 
K (A). Equivalence classes of even Fredholm modules - the algebraic counterpart of 
'fundamental classes' - gives a dual group K°(A). The natural non-degenerate pair- 
ing between K-theory and K-homology, which pairs projective modules with even Fred- 
holm modules, gives index maps K (A(CP 2 )) — > Z. For the quantum projective plane, 
K (A(CP 2 q )) ~ Z 3 ~ K°(A(CP 2 q )). The result for K-theory can be proved viewing the 
corresponding C*-algebra as the Cuntz-Krieger algebra of a graph [12]. The group K Q 
is given as the cokernel of the incidence matrix canonically associated with the graph; 
the result for K-homology can be proven using the same techniques: the groups K° 
is now given as the kernel of the transposed matrix [3]. It is worth mentioning that 
K^AiCPD) = K l (A{CP 2 q )) = with the group K x (resp. K l ) given as the kernel (resp. 
the cokernel) of the incidence matrix (resp. the transposed matrix). 

Thus a finitely generated projective (left or right) module over A(CP 2 ) is uniquely 
identified by three integers and these are obtained by pairing the corresponding idempo- 
tent with the three generators of the K-homology. This section is devoted to the explicit 
construction of three Fredholm modules that, in the next section will be shown to be 
generators of the K-homology by pairing them with suitable idempotents. 

4.1. Fredholm modules and their characters. 

We recall that a (k + l)-summable even Fredholm module for the algebra A is a triple 
("7T, H, F) consisting of a Z2-graded Hilbert space "H = "H + © "H - , a graded representation 
7T = 7r + ©7r- : A ->■ B(U + )®B(Hr) and an odd operator F such that [F, a ] [F, ai] . . . [F, a k ] 
is of traceclass for any a , . . . ,a k G A. With a (k + l)-summable even Fredholm mod- 
ule there are canonically associated even cyclic cocycles chjy^™, for 2n > k. The map 
ch^ F) : A 2n+1 ^ C is given by 

ch^ F) (a ,...,a 2n+1 ) := |(-l) n Tr w ( 7 F[F, a ][F, a,} . . . [F, a 2n \) 

where 7 is the grading and the symbol n for the representation is understood. We recall 
that a cyclic 2n-cocycle r n is a C-linear map r n : A 2n+1 — > C which is cyclic, i.e. it satisfies 

r n (ao, a±, . . . , a-2 n ) = r n (a2 n , a>o, ■ ■ ■ , Qn-i) , 
and is a Hochschild coboundary, i.e. it satisfies br n = 0, with b the boundary operator: 

2n 

6r n (a , . . . ,a 2 „+i) := ^(-l)V(a , • • • , • • • , a 2n +i) - T(a 2 n+iao, ai, • • • ,a 2n ) ■ 

3=0 

When applied to an idempotent one gets a pairing 

(,):K°(A)xK (A)^Z, 
([(n,H,F)], [e]) := ch^ F) ([e]) = |(-l)"Tr^ Cm ( 7 F[F, e] 2 " +1 ), (4.1) 
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where m is the size of e and matrix multiplication is understood. The pairing is inte- 
ger valued, being the index of the Fredholm operator 7r m (e)F m 7r+(e) from 7r+(e)%+ to 
■K~ n (e)l-L~ n) with the natural extensions 

n m = n®c n , F m — F<s>i, 

forming an even Fredholm module over M m = A <S> M m (C). The result of the pairing 
depends only on the classes of e and of the Fredholm module (for details see [2]). 

To construct three independent Fredholm modules we need (at least) four representa- 
tions. Four is exactly the number of irreducible representations of the algebra .4(CP 2 ), 
that we describe in the next section. It is peculiar of the quantum case that one we needs 
to consider only irreducible representations: at q — 1 irreducible representation are 1- 
dimensional and give only one of the generators of the K-homology (the trivial Fredholm 
module). An additional true 'quantum effect' is that for CP 2 one gets three independent 
1-summable Fredholm modules corresponding to independent traces on .4(CP 2 ). Thus 
all relevant information leaves in degree zero. In contrast, for the classical CP 2 one needs 
(there exist) cohomology classes in degree zero, two and four. 

Both at the algebraic and at the C*-algebraic levels there is a sequence 

A{CP 2 q ) ->■ -4(CPj) ->■ .4({pt}) = C ->■ .4(0) = , (4.2) 

of *-algebra morphisms. In reverse order: the empty space, the space with one point, the 
quantum projective line and the quantum projective plane. 

The first map is the quotient of „4(CP 2 ) by the ideal generated by pu and pn\ roughly 
speaking, by putting pu = pu = the remaining generators satisfy the relations of CP 1 , 
the quantum projective line - also known as the standard Podles sphere and any 
♦-representation of .4(CP 2 ) with p u in the kernel comes from a representation of CP 1 . 
The second map is the further quotient by the ideal generated by pu and pii\ roughly 
speaking, in .4(CP 2 ) we send pij >->■ Xo(jPij) = ^3^/3 an d get the algebra C; this is the 
only non-trivial character xo of the algebra .4(CP 2 ), the 'classical point' of CP 2 ,. The last 
map is simply 1 i — >- 0. 

4.2. The rank and the 1st Chern number of a projective module. 

For .4.(0) there is only one irreducible representation, the trivial one, not enough to 
construct a Fredholm module (and indeed, K°(0) = 0). 

For C = .4({pt}) there is the representation coming from the morphism C — > 0, and 
one further faithful irreducible representation given by the identity map c4c. These 
two are all 1 the irreducible ^representations of C, and are enough to construct an even 
Fredholm module, 

Ho = C © C , 7T (C) 











(o o) ' 


F = 


(! 


i) 









irreducible ^-representations of C arc 1-dimensional (it is abelian). By linearity, they are in 1 to 1 
correspondence with maps 1 — > p, with p e C a projection. Hence p — or 1, and the corresponding 
representations are the trivial map c i— > 0, and the identity map c^c. 
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which generates K°(C) = Z. The pairing (4.1) with K (C) = Z (projections in Matoo(C) 
are equivalent iff they have the same rank) is given by the matrix trace: 

tfi^ ,F )([e]) = Tr(e). 

The pullback of this Fredholm module to CP 2 just substitutes the representation tiq 
of C with the character xo ■ A(CP 2 q ) ^ C of A(CP 2 q ). Using the same symbol for the 
character, one gets a map 

ch U,n ,F 0) ■■ MA(CP 2 q )) Z , chl o ^ hFo) ([e]) = Tr Xo (e) , (4.3) 

The geometrical meaning is the following: the rank of a vector bundle is the dimension of 
the fiber at any point x of the space, and this coincides with the trace of the corresponding 
projection evaluated at x. Here we have only one 'classical point', and the map in (4.3) 
computes the rank of the restriction of the vector bundle to this classical point. Notice 
that if the module is free, then (4.3) is really the rank of the module. 

We pass to the next level of the sequence (4.2), that is the algebra ^4(CPj). There are 
two irreducible ^representations coming from the map in the sequence - the trivial one 
and the character of the algebra -, and one further representation that is faithful and 
irreducible. The latter is the restriction of the representation xi '■ A(S q ) — > B(£ 2 (N)) 
given by 

Xi{zi) = 0, (4.4a) 
Xi(z2) \n) = q n \n) , (4.4b) 
Xl (z 3 ) \n) = v 7 ! - q 2{n+1) \n + l) , (4.4c) 
A potential Fredholm module is given by 

However, this is not a Fredholm module over A(S q ), since 

7Fi[Fi,7r(z 3 )] = {xi(z 3 ) - Xo(zs)} 



1 

is not compact. On the other hand, this is a Fredholm module when restricted to ^4(CP^) 
(or A(CPg)). Indeed, due to the tracial relation q 4 pn + q 2 p22 + P33 = 1, a complete set 
of generators for ^4(CP^) is made of {pn,Pi2,Pi3,P22,P23} and their adjoints. On these 
generators the representation xi is 

Xi(pii)=0, Vi = 1,2,3, (4.5a) 
Xi{P22)\n) =q 2n \n) , (4.5b) 
Xi(P2 3 ) \n) = <f + Vl " <? 2{ri+1) \n + l) , (4.5c) 

and XiiPij) ~ Xoipij) is of trace class for all In particular, this means that the 

Fredholm module is 1-summable. The associated character is 

<*k,*i,*l) : ^o^(CPj)) Z , ch° {nuHuFl) ([e}) = Tr eHmcm ( Xl - Xo )(e) , (4.6) 



15 



where m is the size of the matrix e. The value in (4.6) depends only on the restriction of 
the 'vector bundle' to the subspace CP*, and will be called for this reason the 1st Chern 
number (or also the monopole charge). 



4.3. The 2nd Chern number of a projective module. 

Besides the representations (and the Fredholm modules) coming from the sequence (4.2), 
the algebra A(CP 2 ) has a further irreducible representation and a further Fredholm mod- 
ule, which is independent from the previous two. The representation is faithful and comes 
from the representation \i '■ A(Sq) ~~ ^ B(£ 2 (N 2 )) given by 

= q kl+k2 \h,k 2 ) , (4.7a) 

= v 7 ! - g 2(fc2+1) \h, fc 2 + 1) , (4.7b) 



Xi(zi) \h,k 2 ) 
X2(z 2 ) \h,k 2 ) 



X 2 (z 3 ) \h,k 2 ) 



= v 7 ! - q 2{kl+1) \h + 1, k 2 ) . (4.7c) 



The construction of the Fredholm module is a bit involved. Let us use the labels 
£ — \(k\ + k 2 ) and m = \{ki — k 2 ). A new basis for the Hilbert space is then given by 
\l, m) with £ G |N and m = —£, In this basis the representation reads 

X 2 (z 1 )\£,m) = q 2e %m) , 

X2{z 2 ) \i, m) = q e+m Vl ~ qW-™+V \i + §, m - §) , 
X 2 (z 3 ) \£, m) = v 7 ! - qW+n+V \i + ± m + \) . 



For the third Fredholm module we take as Hilbert space % 2 two copies of the linear span 
of orthonormal vectors \£,m), with I G |N and i + m G N. The grading 7 2 and the 
operator F 2 are the obvious ones. It remains to describe the representation ir 2 = 7r + ©7r_. 
As subrepresentation ir + we choose 



7r + (a) \£, m) :- 



X2(a)\£,m) ifm<£, 
Xo( a ) \£, m ) if m > £ . 
One checks that modulo traceclass operators: 

fl + (Pll) ~ 7T+(Pl2) ~ 7T+(Pl3) ~ , 

2 2{i+m) |^ m ^ if m < £ ? 



7T + (p 22 ) \£,m) 



if m > £ , 

q e+m+i v / 1 _ q 2(e+m+l) |^ m + i) if m <£-i, 
\fm>£. 



We define the subrepresentation 7r_ by adding multiplicities to xi- On the generators: 

tt-(Ph) = 7r_(pi 2 ) = vr_(pi 3 ) = , 
7r_(j9 22 )|£,m) =q 2 ( e+m ^\£, m ) , 7r_(j9 23 )|£,m) = v 7 ! - g 2 «+ m +D |£,m + l) . 
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On each invariant subspace with a fixed £, putting n = £ + m one recovers the represen- 
tation xi- Since J2 m>e g 2 ^ +m ) = (1 — q 4 )~ 2 is finite, on the subspace m > £ the operators 
7T_(p 2 2) and ^-(P2z) are trace class, and so n + (a) — 7r_(a) is of trace class as well for all 
a G A(CPg): the Fredholm module is 1-summable with corresponding character 

K„n„F 2) ■ MACP 2 q )) Z , ch^ 2jF2) ([e]) = Tr %0Cm (tt + - 7r_)(e) , (4.8) 

where m is the size of the matrix e. The above replaces the 2nd Chern class of the module. 

Working with generators and relations as done in [11] for quantum spheres, it is not 
difficult to prove that any irreducible ^representation of A(CP 2 ) is equivalent to one of 
the representations described above. For completeness, we give the proof in App. D. 

By iterating the construction, for any positive integer n one obtains the n+2 irreducible 
representations of the quantum projective spaces CP™ (only one of these is faithful, the 
others coming from the morphism ^4(CP n ) — > ^4(CP n_1 )), and the corresponding n + 1 
Fredholm modules; details will be reported elsewhere [9]. 

4.4. Chern numbers of line bundles. 

We know from Sect. 3.2 that the bimodule S A r := VJH(a ^ N ) is isomorphic to A(CP 2 ) dN P_n 
as left module and to P N A(CP 2 q ) dN as right module, with d N = §(|JV| + 1)(|JV| + 2) and 
Pn '■= ^a^Iv given by Prop. 3.3. We next compute rank, and 1st and 2nd Chern numbers 
of P N . We focus the discussion on N > 0, the case iV < being similar. 

Since Xo(Pv)j,fc,z|i',fc',z' = ^j,oh,oSi,N^j',oh',o^i',N, the rank given by (4.3) results in 

thus justifying the name 'line bundles' for the virtual bundles underlying the modules 
E 0iA r- The same result is valid when N <0. 
Next, we compute 

[N}\ 



and 



Tr cdN (Pn) = E J+k+l=N ^^^^(4)^(4)^4 (4-9) 



Xo (Tr cdN (P N )) = Xo(4) N Xo(z 3 ) N = 1 . 
The use of (4.4b) and (4.4c) leads to 
x n ■■= (n\xiTr C d N (P N )\n) 

E -kl W 2fc(n+Q/-| _ 2( n +l)\/i _ n 2(n+2h /-, 2(n+i)\ 
k +i=N q [k]\[i]r y q R q q ' 



El q2kn + O ( q ) 



^Cr 1 ' + O(q) = 1 + O(q) ifn>0, 
N + 1 + O(q) if n = . 
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As usual we can compute the index for g — > + (see [4, 8]); we get 

y^(x n - 1) = lim (x n - 1) = (x - 1)|,= = iV . 

n>0 n>0 

The very same result holds for N < 0. So, the 1st Chern number is 

^l uni , Fl) ([P N ])=N. 

It remains to compute the last Chern number. The representations 7r± in the third 
Fredholm module are the restriction of (homonymous) representations of A(S^) given as 
follows. With xo an d X2 the representation described in the previous section, one has 
that 7T + (zj) \£,m) = Xi{, z i) ii m < £, and ir + (zi) \£,m) = Xo(zi) \£,m) if m > £. On 

the other hand, for any m, £ it holds that 

7T_(zi) = 0, 

TT-(z 2 )\£,m) = q i+m \£,m) , 

tt_ (z 3 ) \£, m) = y/l - qW+m+i) \£, m +l) . 

The use of (4.9) yields: 

= T," „ , 2 '« + '">{l + 0(q)\ = 1 + NS,_,- m + 0(q) , 

^— 'r=0 



for the representation 7r_; for the representation 11 + one gets instead 

(£,m\ir + Tr C d N (P N )\£,m) = 1 

if m > £, and 

X []' (l- g 2 "-"+'-»)TT' i 

J-J-r=l J-J-s=l 

= V q m+2 ^^ + 0(q) 

= 1 + N5e,- m + \N(N + l)8 t , + 0(g), 

if m < £. In the computation we have used i^jjjfcj! — q~^ + ^ k+k ^ (l + 0(g)). Putting 
things together results in 

/ /x I > fo(g) iim>£. 

{£,m\-K + Tr C d N (P N ) - 7r_Tr cdiV (P N ) \£, m) = < i 



2 



iV(iV + l)5 £i o + 0(g) ifm<£. 



Again, we compute in the limit for q — > + to get 



= |JV(JV + 1). 
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The same formula is valid for N < 0. We summarize the results in a proposition. 



Proposition 4.1. For any N G Z ; £/ie (right) module £ ,tv /ios 'rank' 

^U,-h ,f 0) ([Pn}) = 1 , 

'1st Chern number 7 
and '2nd Chern number' 

Corollary 4.2. A complete set of generators {ei,e2,es} of K (A(CP 2 )) is given by 
e\ = [1] the class of the rank one free (left or right) A(CP 2 ) -module S 0j 0; 
e 2 the class of the left module £ ,i (or equivalently of the right module E 0) _ ly ) ; 
e 3 the class of the left module E _i (or equivalently of the right module Xo,iJ- 

Thus, in terms of left modules, e 2 is the class of the tautological bundle and e 3 the class 
of the dual vector bundle. A complete set of generators of K°(A(CP 2 )) is given by the 
classes of the Fredholm modules {ji, Hi, Fi), i = 0,1,2, given in Sect. 4- 

Proof. We have already mentioned that K {A(CP 2 q )) ~ K°(A(CP 2 q )) ~ Z 3 . A set of 
generators of the abelian group Z 3 is the same as a basis of Z 3 as a Z-module. 

Suppose we have three elements G Z 3 and three elements <fi : Z 3 — y Z in the dual 
space of Z-linear maps; call g G Mat (3, Z) the matrix with elements g^ = <Pi(ej). Assume 
that det g ^ and that the inverse g' 1 = ((g' tj )) of g is an element of GL(3, Z). Then for 
any linear map ip the difference ip — J^ij^i^d^fj vanishes on all the e^'s and, by the 
linear independence over Z of the e^'s, we deduce that any element ip G (Z 3 )* is a sum 

— 'ij 

with integer coefficients tp(ei)g lj G Z. Hence, the </?/s are a basis of (Z 3 )*. Similarly for 
any v G Z 3 the difference v — e i9 l '' < fj( v ) i s i n the kernel of all <fi, meaning that the 
ej's are a basis of Z 3 over Z. 

Now, let e t G K (A(CP 2 q )) and ^ = [(^i-i, W-i-i, ^i-i)] G ^VO^)), i = 1,2,3, be 
the classes in the Corollary. By Prop. 4.1 the matrix g is given by 




It is invertible in GL(3, Z) with inverse 

/I 1 -2 
g- 1 = -1 1 
V 1 

This proves that we have generators of K-theory and K-homology. □ 
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5. The differential calculus 



On the line bundles described previously we aim to define and study ( ant i-) self dual 
connections. To this end we need the full machinery of a differential calculus on CP 2 and 
additional ingredients like a Hodge star operator. We start with forms. 

5.1. Holomorphic and antiholomorphic forms. 

In [7] we studied the antiholomorphic part of the differential calculus on CP 2 . Antiholo- 
morphic forms were defined as 

n°'°(CP 2 q ) := A(CP 2 q ) , fi 0,1 (CP 2 ) := Si | and fi°' 2 (CPj) := £ , 3 . 

We complete the calculus presently. Each bimodule of forms Q l ' j (CP 2 ) will be identified 
with a suitable bimodule 9Jl(a) of equivariant elements as described in the previous sec- 
tion. That is to say Q^{CP 2 q ) = M{a^) = A(S\] q (3))^ a ij V™ for a (not necessarily 
irreducible) representation a hj : U q (u(2)) — > Aut(V M ) of the Hopf algebra U q (u(2)) on 
ytj ~ (j^dimo- 1 '^ rj^g re p resen tations a°' j are known from [7] and the a j '° are obtained 
by conjugation. The dimension of a 1 ^ does not depend on q, and for q = 1 gives the 
rank r = ( 2 ) ( 2 ) of fi^'(CP 2 ). There is a unique sub-representation of the Hopf tensor 
product a l, ° ® cr '- 7 with the prescribed dimension: this allows one to identify a l, K The 
representations relevant for the calculus are listed in the following figure: 

V ' (0,0) 
/ \ ' N 

v ' 1 v 1 ' (§,§) (§,-§) 

/ \ / \ / \ / \ 

V ' 2 V 1 - 1 V 2 ' = (0,3) (1,0)0(0,0) (0,-3) 

\ / \ / \ / N . ✓ 

\ / \ ✓ 

^2,2 (0,0) 

In the diamond on the right, in the position we give the values of spin and charge 

(£, N) of the representation a l ' j . 
For later use, we list the representations ai N and cr ltN explicitly: 

^)=(t ; s ). n.^)=c ;), ^,)=(; ; 

/ g \ / 1 \ / \ 

o-i.jv(-K'i) = ( 10, a 1 , N (E 1 ) = [2] 3 1, a^i) = [2]H 1 00, 
\0 f 1 / \0 0/ \0 1 0/ 

and furthermore, ai N (KiK 2 ) (resp. a-i^iKiK 2 )) is times the identity matrix. 

5.2. The wedge product. 

We first make f2 , ' , (CP 2 ) = ® i . r2* J (CP 2 ) a bi-graded associative algebra. 

Let V'* = © i _ 7 -V t ' J ', and suppose we have a bi-graded associative left U q (u(2))- 
covariant product on V'*, denoted A q . For uj = av and ou' = a'v', with a, a' G *4.(SU g (3)) 
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and v G V^, v' G V*'*', define 

lo A q u' := (a a') (v A q v'). 

Using left W g (u(2))-covariance of the product on V*'* and the fact that «4(SU ? (3)) is a 
W,j(u(2))-bimodule algebra so that aa' < S~ X (K) = {a < S~ 1 (h( 2 ))}{a < S' _1 (/i(i))}, we get 

{C h{1) ®a i+i '^'{h {2) )){uA q u') = (C h(2) a)(jC Hl) a')(a^(h i3) )v) A q (a^(h {4) )v') . 

If lo is invariant (i.e. it belongs to Q^CP 2 )), this can be simplified and becomes 

(C h(1) <g) a i+iW (h {2) ))(u A q lu') = a(C h(1) a')v A q (a l ' j (h {2) )v') . 

If also to' is invariant (i.e. it belongs to fi*' J '(CP 2 )), we get 

(£ V) ®a i+i '' j+j '(h {2) ))(uj A q u') = e{h) aa'{v A q v') = e(h) u A q u' . 

Thus, A q defines a bilinear map ft^'(CP 2 ) x fi^'(CP 2 ) ->■ W '(CP 2 ). Its associa- 
tivity follows from associativity of both the products in ,A(SU 9 (3)) and V*'*. 

The datum (Q*>'(CP 2 q ), A q ) is automatically a left *4.(CP 2 ) x Wg(su(3))-module algebra, 
since left and right canonical actions commute and *4.(SU g (3)) is a left .4.(CP 2 ) xW g (su(3))- 
module algebra. This means that 

h > (00 A q 00') = (/i(i) > u) A q (h(2) > oj') , 

for all h G U q (su(3)) and G fi(CPj)'''. 

All we need is then a graded associative left W g (u(2))-covariant product on V' m . For all 
i,j,i',f, we shall now construct a left W g (u(2))-module map A q : V M x V l '> j ' — >■ 
which is unique up to some normalization constants. 

When g = 1, one can fix the normalization, up to some phase factors and angles, 
by requiring that these maps are partial isometries. Requiring that vectors with real 
components form a subalgebra (so that real forms are an algebra), the phases must be 
±1; the remaining angles and signs are then fixed by the requirement of associativity and 
graded commutativity of the product. 

For q ^ 1, partial isometries do not give an associative product. We determine in 
App. A the most general value of the normalization constants in order to have a left 
W g (u(2))-covariant product on V*'* which is i) associative, ii) graded commutative for 
q — 1, and iii) it sends real vectors into real vectors. Here we just present the result. 

Proposition 5.1. A left U q (u(2))-covariant graded associative product A q on V'* , send- 
ing real vectors to real vectors and graded commutative for q = 1, is given by 



V ' 1 


x V ' 1 


V°< 2 , 


v A q 


w 


:= c fi (v,w) t , 




v o,i 


x V 1 ' 


V 1 ' 1 , 


VAg 


w 


:= (ci/ii(w,w),c 2 /i 


(v,w)Y , 


V ' 1 


xV 2 ' 1 


->• V 2 ' 2 , 


v A q 


w 


:= c 3 Ho(v,wy , 




V o,i 


x V 1 ' 1 


V 1 ' 2 , 


vA q 


w 


■= [2]ci ^M 


Co 

— — VWa 

[2]c 2 


V 1 ' 


x V 1 ' 


-> v 2 >° , 


v A q 


w 


:= c 4 Ho(v,wY , 
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ylfl x yO 

V 1 ' X V 1 
V 1 ' x V 1 



V 1 ' 2 x V 1 



V 2 ' 1 x V° 



V 1,1 x V° 



V 1 ' 1 x V 1 



i ^ 



2,2 



2 ^v 

1 ^ ^2,1 

_^ ^2,2 

1 ^ ^2,2 
1 ^ yl,2 

^ y2,l 



I/ 1 ' 1 x I/ 1 ' 1 -x V 
where the maps fa 's are 
Ho 



v A q w 



v A q w :- 



v A q w 



v A q w :- 



v A q w :- 



v A q w :- 



v A q w 



v A q w :- 



{-q* s Cifa(v,w),q 2 s c 2 fi {v,w)Y , 
C3C4 



c 

-9" 



■i.s C 4 



[2]ci 



H2(v,wf -q 



3. c 4 



[2]c 2 



C3C4 , s t 

C3flo(v,wY , 

-is c o , u 3 Co 

2 777; — fai{v,w) — q' 2 -— — V4W , 



[2]ci' 



[2]c 2 



C 4 / N.£ C4 



[2]ci 



[2]c 2 



V4W , 



-I s C3C4 3 C3C4 

2 mil i2 M v > w )-Q 2 roll i 2 ^4-w 4 , 

2 c 2 2 



[2]|ci| 



^3 
fay 



Pxl 2 4 IR 3 



xR 3 4R 2 



l 3 xl 2 4 R 2 



x IR 3 — x 



fa{v,w 
fa(v,w 
fa(v,w 
fa(v,w 
fa(v,w 



11 _ 1 

:= [2] 2 (q 2 v 1 w 2 -q 2 v 2 Wi) , 

:= (viWi, [2]~^(q~^viw 2 + q^v 2 Wi), v 2 w 2 ) , 

'■— (qviiv 2 - q~ 2 [2] 2 v 2 Wi,q 2 [2] 2 ViW 3 - q^v^) , 

:= (q^[2]^viw 2 - q~ 1 v 2 w 1 ,qv 2 w 2 - q~^[2}^v 3 Wi) , 

:= qviW 3 - v 2 w 2 + q~ 1 v 3 w 1 . 



The parameters cq, . . . , c 4 G M x and s = ±1 are not fixed for the time being. 

To get an involution we use the fact that the spin 1/2 (resp. spin 1) representation 
of ti q (5u(2)) is quaternionic (resp. real). Rephrased in terms of the representations o\ N 
and <Ti t N oiU q (u(2)) we have the following lemma, which takes into account the fact that 
real/quaternionic structures change sign to N. 

Lemma 5.2. Let V^jv = C 2£+1 be the vector space underlying the representation of 
Uq{\x{2)). An antilinear map J : V^n — > Vi-n satisfying J 2 = (— l) 2 ^ and such that 

Ja e , N (h)=ve,-N(S(h)*)J, (5.1) 

for any h G U q {u{2)), is given, for £ — 0, |, 1, by 

Ja = a* , J(v!,v 2 y = (-q~*vZ,q*viy , J{w 1 ,w 2 ,w 3 ) t = (-q^w^w^, -qwlf , 

for any a G Vb,jv, v G Vi >N and w G Vi,at respectively. Moreover, if cq = c^, the map 

* : V- -> V' , (Uij) H- (v*)ij := (-l)VK,) , 

a graded involution, i.e. it satisfies (v*)* = v and 

(vA q v'y = (-l) kk 'v'*A q v*, (5.2) 

for all v G V^' 1 and v' G V i '' k '- i ' . 
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Proof. The property J 2 = (— l) 2e is easily checked in all the above mentioned cases, and 
the condition * 2 = id is a direct corollary: -k 2 \ V i,j = (— J 2 , and is a sum of spaces 
V^n having 2£ with the same parity of i + j. Since J always commutes with <j^ n (KiK%), 
and o-£n(KiK%) = ag j -N(S(KiK^)*) , the claim (5.1) for h = K\K\ is trivially satisfied. 
We have to check (5.1) for the remaining generators h = K±, E±, Fi, and in the not-trivial 
cases £ = |, 1. A direct computation yields: 

ja^iw^i* - q : h )(i °0f °> vw v ° 









T)( 


CI _7V 

2 ' 


(AT 1 ) . 


(° 




V <? 2 


T)( 


—qai 

2 





-fh/0 OW qr-i \ _ / -g" 1 
9 5 j\l oj\-«' / V 










)(': 









-9 


0/ 















-q- 1 








1 




1 = 


( : 







-9 





/ 




V o 









/ o o -q- 1 \ / q o \ / <? _1 o o 

Jo-i iA r(Ki)J _1 = 1 01 1 = 10 

\-? / \ q' 1 / \ -q / V g 

= a^ N (K^) , 

i / -q- 1 \ /0 1 0\/0 -q- 1 
Ja^iE^J- 1 = [2] 5 I 1 0010 1 

\-g /VoOO/V-gO 

= -g(7i_iv(Fi) , 

/ -q" 1 WO 
Ja^iFjJ- 1 = [2] 3 1 10 

V -9 0/VoiO 

= -iv(-Ei) • 

Also, by a direct computation one checks that 

JfA (v,v') = -fM)(Jv', Jv) , Jfli(v,v') = -fli(Jv', Jv) , 

J/j, 2 (v,v') = j^ 3 (Jv',Jv) , J/j, 3 (v,v') = /jl 2 (Jv',Jv) , Jjj 4 (v,v') = j^ 4 (Jv',Jv) . 

With these, (5.2) is straightforwardly established. □ 

From now on, we take that C4 = Cq for the coefficients of Prop. 5.1. 
The composition of the involution on ^4(SU g (3)) with the * in the previous Lemma, 
yields a map uu 1— > u* sending forms into forms and extending the involution of the algebra 
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A(CP 2 q ) = fi°'°(CP 2 ). Indeed, with h e W,(u(2)), and t := S(h)*, from (5.1), we get 

® ff iJ '(fc(2)))K)ij = ® ^(fc ( 2)))(* ® J)w ifi 

= (-l) l (* ® J)^^,) ® a^{S{h {2) Y))u^ 

= (-iy(* ® J)(£ s2( t (2) ) ® . 

Invariance of uij^ gives 

£,c^ = (1 <g> a J '' < (S'- 1 (/i ( 3))))(/: h(1) ® ^'(fy^Ki = a^{S-\h))oo hl , 
and in turn, using e(S(h)*) = e(h), 

= ® J)(l ® ^(t (1) 5(t (2) )))^ = e(/;)(-iy(* ® J)w w = ^(W^y . 

Thus, the involution maps invariant elements into invariant elements, i.e. forms into forms. 
As a consequence of (5.2), (^''(CP 2 ), A q * ) is a graded *-algebra: 

(wA,w')* = (-l) dg(w)dg(w ' ) a; / *A,a;* , V u, J e ^''(CP 2 ) . (5.3) 

Lemma 5.3. TTie algebra (V''',A q ) is generated in degree 1, that is any form of degree 
> 1 can be written as a sum of products of 1- forms. 

Proof. We need to show that the maps 

V ' 1 x V™ ->• V iJ+1 , (u, w) h-> v a, w , 

and 

V 1 ' x V iJ ->• V* +1J , (f , m)4«A 9 u;, 

are surjective for all i, j. We give the proof for the first map, the second being analogous. 
If w is a scalar, the claim is clearly true. 
If (ij) = (0, 1) (resp. (2, 1)) the scalar 

(1,0)* A, (0,1)* = co[2]-3 , resp. (1, 0)* A q (0, 1)* = c 3 [2] - ^ , 

is a basis V ' 2 (resp. V 2 ' 2 ), and the map is clearly surjective. 

If = (1,0), the map A q is invertible; indeed, v A q w = diag(ci, Ci, c±, c 2 )U(v<S> w) with 
U the unitary matrix in (A.l). 
Finally, if = (1,1) the vectors 

(1, 0)* A, (0, 0, 0, 1)* = -coc^p]- 1 ^, 0)* , (0, 1)* A, (0, 0, 0, 1)* = -cocj 1 ^" 1 ^, 1)* , 

form a basis of V 1,2 , and the maps surjective. This concludes the proof. □ 
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5.3. Hodge star and a closed integral. 

Having an (associative, graded involutive) algebra of forms, the next steps consist in 
endowing it with i) two derivations d and d giving a double complex, with d := d + d the 
total differential; ii) a closed integral; iii) an Hodge star operator. 

We postpone to the next section the explicit construction of the exterior differentials 
and start here with the integral. Recall from Remark 3.1 that an inner product on forms 
is given by composing the natural Hermitian structure on the module uoij of forms with 
the restriction to A(CP q ) of the Haar state ip : ^4(SU g (3)) — > C; that is 

{u,u/) :=X^Kr<4) > 

where the sum is over all the homogeneous components 00^^,00^ G f2 i,j, (CP^) of 00 and 
bj' . Both the left canonical action > and the left action L of U q (su(3)) on ^4(SU g (3)) are 
unitary for this inner product, as well as the action of A(CP q ) by left multiplication. 

Now il 2 ' 2 (CP q ) = A(CP 2 ) is a free module of rank one, with basis a central element 
which we denote 1 (the volume form). Indeed, we call vol the form with all components 
equal to zero but for the one in degree 4, which is 1. We think of this as the volume form 
and define an integral by 

j to := (vol, to) = <p(u 2 , 2 ) , V u E n*>'(CP 2 q ) . (5.4) 

In particular, -f vol = 1. If the differentials d and d are given via the (right) action of 
elements of U q (su(3)) which are in the kernel of the counit e, the integral is automatically 
closed, i.e. 

j- dcu = j- du = , 

a simple consequence of the invariance of the Haar state: ip(a < h) = e(h)ip(a). 
Using the Hermitian structure on Q*'*, given by 

the Hodge star operator is defined on real forms via the usual requirement that u A q u' = 
(* h u,uj')vo1. This can be extended to complex forms both linearly (as e.g. in [22]) or 
antilinearly (as e.g. in [19]). In the context of solutions of the Yang-Mills equations, a 
curvature, being the square of a connection, is always real and it doesn't matter which 
extension we choose. We choose the former. Recalling that the Hermitian structure ( , ) 
is linear in the second entry and antilinear in the first, the Hodge star on complex forms 
is the linear operator * H : Q^(CP 2 q ) ^'^(CP 2 ,) defined by 

u*A q u' = (*#w,a/)vol . (5.5) 

Applying the Haar states to both sides of previous equation we get the usual relation 

jcu*A q u' = . (5.6) 



25 



With a *-calculus, a closed integral and the graded Leibniz rule for the differential, the 
equality (5.6) implies that 

(* H dto, to') = j (du)* A q J = - j d{u*) A q J 

= -jd{u* A q u') + (-l) d sH ju*A q du' = + (-f) dg(w) (* H u,du') , 
which becomes 

d^uj = *h d * H u , (5.7) 

if * 2 h lo = (— l) dg ^Lj. To obtain this last property, which is automatic when q — 1, one 
needs suitable constraints on the parameters q's in Prop. 5.f . 

Proposition 5.4. On any form u one has * 2 H tu = (— l) dg ^uj if 

Cl = ±g-i s [2]-iv^, c 2 = ±gf s [2]-iv^, c 3 = ±[2] 2 , 

with arbitrary signs. For this choice of parameters, on (anti-)holomorphic 2-forms the 
Hodge star is the identity, and on (1,1) forms it is the linear map 

* H : (w,w 4 ) h> sign(c 3 )(-w;,W4) . (5.8) 

Proof. If *h 00 and u' are homogeneous with different degree, both sides of (5.5) are zero. 
It is then enough to consider the case u G Q j,t (CPg), u' G Q 2 ~ h2 ~ j (CPjj). From the 
definition of the involution on forms, for the possible values of the labels, one gets 

= (0, 0), (0, 2), (2, 0), (2, 2) : u* A q J = J ■ J , 

= (0, 1), (1, 0), (1, 2), (2, 1) : u* A q J = c^{oo\u') = (-1)-? [2]^c 3 J ■ J , 
= (1,1) : u*A q u> = C ^(- q -hci\- 2 w^qh C2 \- 2 w\)u' . 

Condition (5.5) is satisfied if 

iu jti if (1, j) = (0,0), (0,2), (2,0), (2, 2), 

(*^u;) 2 _ i , 2 _ j = I (-iy[2]-*wj jti if = (0,1), (1,0), (1,2), (2,1) , 

[|2TC3Co(-g~2 s | Cl |- 2 w,g5 s |c 2 |- 2 w4) if (ij) = (1,1) . 

The square of on w is verified to be (— l) dg( ^a; if the q are those given in the statement 
of the proposition. With these, (5.8) is immediately checked. □ 

With the previous lemma, all parameters are fixed, but for some arbitrary signs and a 
global rescaling 2 encoded in cq. On the other hand, fixing the sign of c 3 corresponds 
to fixing an orientation, as flipping the the orientation results in exchanging selfdual 
with anti-selfdual forms. From now on we assume that c 3 < 0, so that by (5.8) selfdual 
(1, l)-forms are of the type (w, 0), and anti-self dual ones are of the type (0, u> 4 ). 

Corollary 5.5. The Hodge star operator is an isometry. 



2 Notations are simplified by choosing cq = [2] 2 . In the notations of [7] we would have cq = 2 [2] 2 . 
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Proof. Notice that since <p(a*) = (p(a), by graded involutivity of the conjugation of forms 
we have 

(* H W, * H U)') = (* H U)', * H U)) = (^J Uj'* A q * H 0^j = j- \ * H Uj) * 

= {-!)**>>) J (* HU y AqU > = (_i)dg(«) (*%u>,u/) = (w,u/> , 

where we used the fact that oj and <J have the same degree, and dg(w) and dg(w) 2 have 
the same parity. □ 

Remark 5.6. There is an equivalent definition of the Hodge star operator. Firstly, one 
can define the "exterior multiplication" e : tt*'*(CP 2 q ) ->■ End^'^CP 2 )) and the dual 
"contraction" i : W(CP 2 q ) ->• End(Q , ' , (CP2)) by the formulae: 

t{u)u' :=w Aw' , i(w) := e(w) f , Vw,w' £ f2*'*(CP 2 ) . 

Then, from (5.6) and (5.4) one has 

(* H u,u'} = (vol, a;* Aw') = (vol, e(u;*)u/) = (i(w*)vol, u/) 

which, from the non degeneracy of the scalar product, yields 

* H u> — i(w*)vol 

for any w G ^''(CP 2 ). 

5.4. The exterior derivatives. 

We are left with the definition of the exterior derivative d. As we recall in App. B, 
in order to have a real differential calculus for fi # (CP 2 ) = f2 fc (CP 2 ) one needs a 
derivation, that is a map d : A(CP 2 ) — > ^(CP 2 ) obeying the Leibniz rule and such 
that A(CP 2 q ) (dA(CPj)) = ^(CP 2 ) and da = -(da*)*. Then the exterior derivative d 
is extended uniquely to forms of higher degree. If Q k (CP 2 ) := © i+J=fe il M (CP 2 ), this 
is equivalent to write d = 9 + 8 with two derivations d : .4.(CP 2 ) — >■ Q 1,0 (CP 2 ) and 
8 : .4(CP 2 ) ->■ fi°' 1 (CP 2 ), such that 9a; = -(duo*)*] again both <9 and 8 are extended 
uniquely to forms of higher degree. 

We write X = Y.i X i ® e * e W g (su(3)) <g> V 1 ' , with e 1 = (1,0)* and e 2 = (0, 1)' the 
basis vectors of V 1 ' . Then, we set 

d(-):=C x A q (-) = E k £x k ®e k A s (.) 

and determine the conditions on the elements X^s that yield a (9 mapping (2, j)-forms, 
that is any u G Q l,J (CP 2 ) = A(S\J q (3))M t7 ijV l ' j , to (i + l,j)-forms; namely we impose 
that dou G n i+1 >i(CP 2 q ) = A(SU q (3))E a i+ijV i+1 'i. 

Since the assignment h — > Ch is a representation, for all h,x £ U q (su(3)) one gets that 
£/i£r = £ ad , . with the right adjoint action given by 

I<S 1 (/l(2)) 1 ' 

ad 

x < h = S(h(i))xh(2) ■ 
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In turn, left covariance of the wedge product yields 

{C h(1) ® a i+1 ' j (h {2) )} d( • ) = E fc £ h(1) £x k ® ^(/»(2))e fc A ? ( • ) 

= E fc (^ fc a <Vl(ft(2)) ® a 1 ' (/ i(3) )e fe A g )(£, (1) ® (7«(fc(4)))( • ) , 

for any /i G W g (u(2)). Then, for X an element which is invariant for the tensor product 
of the right adjoint action with a 1,0 , i.e. for X such that 

ad 

£ fe X fe < S- 1 ^!)) ® ( T 1 '°(/ i(2) )e fc = e(/i)£ fc X fc ® e k , 

we conclude that 

® a mj (/i (2) )} o 9 = 9 o ® o^(/i (2) )} . (5.9) 

This means that d maps invariant elements of A(S\J q (3)) ®V' hj into invariant elements of 
-4.(SUg(3)) ® that is forms to forms. Since both C h and a 1 ' 7 are ^representation, 

taking the adjoint of equation (5.9) yields 

d*{C Hh ® < 1 (^ 2) )} = {£ fc?1) ® ^(%)}9t , 

which means that d^ maps (i, j)-forms to (i — 1, j)-forms. 

Similarly, by replacing V 1,0 with the representation V 0,1 , an invariant element F of 
U q (su(3)) ® V ' 1 would give an operator d = Ly A q ( • ) mapping (i, j)-forms to («, j + 1)- 
forms and the adjoint <r mapping (2, j)-forms to — l)-forms. 

On CPg the only elements of U q (su(3)) which act on the right as derivations of A(CP 2 ) 
are the operators E 2 , F 2) [E 1: E 2 ] q and [F 2l F{\ q . These must be applied in such a way to 
get an element of Vl l {CP 2 q ). 

Proposition 5.7. One defines two exterior derivations d : A{CP 2 ) — > Q 1,0 (CP q ) and 
d : A{CP 2 q ) ->• ^(CPj) by 

da := q~2(£ q -i K2 E 2 a, L-k^k^e^e^o) 1 , da : = (^XiX 2 [F 2 ,Fi] 9 a, Lk^o) 1 , (5.10) 

for all a G A(CP 2 q ). The map d = d + d : A(CP 2 q ) -> ft^CPj) satisfies the conditions 
A(CP 2 q )dA{CP 2 q ) = tt\CP 2 q ) and da* = -(da)*. 

Proof. The elements X G U q {su{3)) ® V 1,0 and F G W,(su(3)) ® V ' 1 given by 

X := {q^K^-K^E^E^f , F := (tfitf 2 [F 2 , F^, F 2 F 2 )' , (5.11) 

are invariant, hence by the above discussion the maps oo \- > C x A q u and ou i— >■ £y A g w 
send ff'^CPg) into f2 l+lj (CP^), resp. f^ ,J+1 (CPg). The wedge product on zero forms is 
diagonal multiplication and on functions these maps become (proportional to) (5.10). 

Since S* -1 is anticomultiplicative and C^a = a<S~ 1 (h), from the covariance of the right 
canonical action we get that for all a,b G ^4(SU g (3)) 

C Xl (ab) = {C Xl a)b+{a<K 2 2 ){C Xl b) , 

C X2 (ab) = (C X2 a)b +(a< K^ 2 K^ 2 )(C X2 b) + q-*(q- q'^a < K^K^E^C^b) , 
C Yl (ab) = (C Yl a)b+ (a<K^K 2 2 )(£ Yl b) - q l >(q - q- 1 )(a< K^K^F^Cy.b) , 
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£y 2 (ab) = (Cy 2 a)b+ (a<K 2 2 )(Cy 2 b) . 

If a, b are indeed in A(CP 2 ), right W g (u(2))-invariance gives Cx(ab) = (Cxa)b + a(Cxb) 
and Cy(ab) = {C Y a)b + a(Cyb), so d and 8 are derivations on A(CP 2 ). 
Reality is a simple check. From (a* < h)* = a < S^/i)* it follows that 

9a + {da*)* =a< (S-\Y 1 ) - q^X*, S-\Y 2 ) + X*) 

= a<(K 1 K 2 [F 2 ,F 1 ] q + q(K 1 K 2 )- 1 [F 1 ,F 2 ] q , (K 2 - K 2 l )F 2 ) 
= a<({q-q~ 1 )F 1 F 2 ,0) 
= . 

For the generators pij = z*Zj of A(CP 2 ) one computes that 
and shows that dp^ are a generating family for 

as a left ^(CP 2 )-module. Indeed, for any w = (y 1 ,v 2 ) t ®(w 1 ,w 2 ) t G ^(CP^eft^CPj) 
the coefficients 

:= o 5 - 2 ^-?^!^ 3 )*^ 1 + g-^ 2 ( Mj 3 )* M 2 } , 
are right W g (u(2))-invariant, i.e. a^(u;), 6^- (a;) G ^4(CP 2 ). Since 

E, ^K)^ = £. «>'r = <w , £ . «5(«J)* = £, « 6 - 2j ^)S = i. 

the following algebraic identities 



E. . aij(w) %j = v 2 y , 9^ = (wi, w 2 y 

E. . aij(u) dpij = , dp^ = 



hold. Assembling all together, for any 1-form u> one finally gets 

u = E + & ij(w)}dp ii , 

proving that the vectors dpjj are a generating family for f2 1 (CP 2 ) as a left ^4(CP 2 )-module. 
This concludes the proof. □ 

Remark 5.8. Using the properties a < K\ = a, a < K 2 = a and a < E\ = a< F\ = 0, for 
any element a G ^(CP 2 .), simple manipulations in (5.10) yields 

da := -q~^(a<E 2 ,a<E 2 E 1 ) t , da := -(a < F 2 Fi, a < F 2 )* . 

Also, modulo a proportionality constant the operator d coincides with the one of [7]. 
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We close this section with few remarks on invariant (anti-)selfdual 2- forms that we shall 
use later on in the paper when dealing with monopole connections. Since Q 0,2 (CP 2 ) ~ 
E 0)3 , Q 2fi {CP 2 ) ~ S _ 3 , and Q hl (CP 2 ) ~ S 1)0 © £ ,o, by the harmonic decomposition 

S 0i0 ~ 0(n, n) , S ,3 ~ 0(n, n + 3) , £ 0> -3 ~ 0(n + 3, n) , 

raeN n£N rteN 

S lj0 ~ 0(n + 1, n + 1) © 0(n, n + 3) © (n + 3, n) , 

neN n£N 

a 2-form w is invariant iff cu G f^'^CP 2 ,) and it has the form u = (0, W4) with W4 G C. 
By (5.8) such a 2-form is anti-selfdual, for the choice of orientation (c 3 < 0) made above. 

6. Monopoles 

As mentioned in the introduction, by a monopole we mean a line bundle over CP 2 , 
that is to say a 'rank 1' finitely generated projective module over the coordinate algebra 
A(CPq), endowed with a connection having anti-selfdual curvature. In this section we 
present some of these connections. 

In Sect. 3.2 we have described at length the isomorphism S 0i at — > A(CPg) dN -P_jv as left 
„4(CP 2 )-modules and the isomorphism So,tv — > PNA(CP 2 ) dN as right ^4(CP 2 )-modules. 
Any of the two isomorphisms may be used to transport the Grassmannian connection on 
the bimodule S 0j jv- We use the second one because it is notationally simpler. 

Recall that the isomorphism : S 0iA r — y P N A(CP 2 ) dN is given 0(a) := \I/jva, with 
inverse : P N A(CP 2 ) dN ->■ S ,at, <p~ l {v) = ^ ■ v ; and ^ N is the column vector with 
components ip^ t given in Prop. 3.3, d N := \{\N\ + l)(|iV| + 2) and P N := ^ N ^ N . 

6.1. The anti-selfdual connections. 

The Grassmannian connection on the right ^4(CP 2 )-module Sn '■= PNA(CP 2 ) dN , with 
respect to the differential calculus of Sect. 5 is the map 

V w : £n <8U(cp*) fi n (CP 2 ) -> S N ® A{a >%) ^ n+1 (CP 2 ) , V N u := P N du . 
For its curvature we get 

V 2 N u = P N d(P N d{P N u)) = P N dP N A q d(P N u) 

= P N dP N A q {P N du + dP N A q u} = {P N dP N A q dP N } A q w , 

were we used that u> = Pnoj for any uj G £n ®a{cp%) ^ n (CP 2 ) and the identity 

ede = (de)(l-e) (6.1) 

and so e(de)e = 0, both valid for any idempotent e (and any differential calculus). 
When transported to equivariant maps, the connection 



V N : = 0-V^0 : S , w ®4( C p2) fi n (CPj) -> S ,v <8U(cp*) ^ n+1 (CP 2 ) , 
is readily found to be given by 

V NV = ^ N d(^NV) , (6-2) 
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and the curvature = 1 V^-0 becomes the operator of left wedge multiplication by 
the 2-form, still denote Vjy, given by 

= ^(dPjv A q dP N )^ N . (6.3) 
Lemma 6.1. The connection Vjv left U q (su(?>)) -invariant. 
Proof. From Prop. 3.4 we deduce 

*iv ® = £^;f ® (<?fr • 

In turn, for any ft, G W g (su(3)), (2.10) yields 

ft (1) > ¥ N ® ft {2) > „ = ^(ft(i) > t°f ) ® (S(ft (2) )* > t?f )* 

= E^i))^( 5 (^)))^®(^)- 
= e W t0 u ® = ® • 

Thus, for any ft G W g (su(3)), 

ft > (Vat?7) = ft > (^jvd^^r?) = (ft (1) > #5jd(ft (2) > *jv)(/i (3 ) > ^) = ^ N d^ N (h > rj) 
= Vjv(ft>r?) . 

This concludes the proof. □ 

The connection being invariant from Lemma 6.1, its curvature V 2 N is invariant as 
well. Then, from the discussion at the end of Sect. 5, the two-form G fi 1 ' 1 (CPg) is 
necessarily of the type V^r = (0, wn) for some wn G K. Hence by (5.8) it is anti-selfdual. 

Lemma 6.2. The connection Vat is anti-selfdual, that is to say, its curvature is a (con- 
stant) anti-selfdual two-form: 



For its use later on we compute the constant wn for iV > 0; a similar computation 
being possible for N < as well. By construction 

N 

^ N <K 2 = q~^^ N and ^ N < ft = e(h)V N V ft G U q (u(2)) . (6.4) 
Since z% < F 2 = 0, it also holds that 

V N <E 2 = 0, *\ f <F 2 = 0. (6.5) 
Using the condition ^ N ^ N = 1 and covariance of the action one deduces that 

(¥ N <E 2 )^ N = 0, tf N (* N <F 2 )=0. (6.6) 
These equations allow one to compute 
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9 -?(dP w) * N = -(^f) 6 ^(CP S ). (6.7) 

By (2.10) we have 

= -c 2g -i-[2]-E^{<(^)^f r ^) 

+ ? - 1 P?;7(^^)p;;f(^^)}^;f(4;f)* 

= -c 2 g-|- 3 [2]-i £ {gp? ; f (E 2 )p° fc ;f(F 2 ) + ,-V?;f (E 2 E 1 )p° k ^F 1 F 2 )}5 jJ , 

3_i& — — 

= -c 2 q-^- 3 [2}-^p°^(qE 2 F 2 + q^E^F^) 

= -c 2 q-^ s - 3 [2]-^ (0, 0, 0\qE 2 F 2 + q~ x E^F^O, 0, 0) . 

with I'f) = |0,0, 0) the highest weight vector of the representation p°' N . Using the van- 
ishing E X F 2 |0, 0, 0) = F 2 E X |0, 0, 0) = 0, one gets that 

(0,0,01^x^10,0,0) = (0,0,0|^[f;i,F 1 ]F 2 |0,0,0) = (0,0,0|£ 2 ^^F 2 |0,0,0> 

= (0, 0, 0\E 2 F 2 qKi ^ q l^ 2 10, 0, 0) = (0,0,0|£ 2 F 2 |0,0,0> , 

giving w N = -q-l s - 3 c 2 [2]-2q N (0, 0, 0|£ 2 F 2 |0, 0, 0). 

Since F 2 |0,0,0) = ^/pVjlO, 1, \) we finally get w N = -q'l s - 3 c 2 [2]^q N [N}. Hence 

V^ = g JV - 1 M Vf , (6-8) 

where V\ = w\ G K. is an irrelevant normalization constant. 
6.2. Gauged Laplacians. 

With monopoles connection on the modules E 0i at we can study the corresponding gauged 
Laplacian operator acting on So,at. Such an operator describes 'excitations moving on 
the quantum projective space' in the field of a magnetic monopole and in the limit q — > 1 
provides a model of quantum Hall effect on the projective plane. 

We know that on both the modules £ 0) jv of sections and Q n (CPg) of forms there are 
*A(CP^)-valued Hermitian structures. These can be combined to get a similar Hermitian 
structure on their tensor products S ,at <8U(cp 2 ) ^ n (CPg) which, when composed with the 
restriction to A(CPg) of the Haar functional (p : A(CPg) — > C, gives a non-degenerate 
C- valued inner product. Using the latter inner product, one generalized the equation 
(5.7) for forms to an analogous statement on connections, that is to say 

VjyT? = * H Vtv *h V • (6-9) 

Having this, as usual we define the gauged Laplacian acting on elements r\ e Xo.v by 

□v?7 = VjvVjvr? = ^d^^d^r?)] . 

where VnV = W N A{^ ^r\) is the connection in (6.2). Using the covariance of the action 
- remember that C x (ab) = (£ x . 2) a)(£ X(1) b) due to the presence of the antipode - , and 
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equation (6.4), straightforward computations yield 

d(^ N rj) = q^-^(C x ^ N )v + (l^~^N(Cxv) , d(V N rj) = q^(C Y ^ N )r] + q^^ N (C Y r]) ■ 
From (6.5) and (6.6): C x ^n = and & n (jC y V n ) = 0; hence 

□ v?7 = q N ^ N S(^ N {q-^C x © C Y } V ) 

= q N/2 ^ N {q-^C x , © CYi}(* N {q-3£ x © Cy}v) ■ 
Again, (6.5) and (6.6) yield C Y ^ X = and ^ N (£ x ^ n) = 0; hence using the coproduct, 

D vV = q N £ q -i x i x+Y i Y V = V< S-^q-WX + Y*Y) q N . 

Now, 

S-^q-^X + Y*Y) = K 2 2 {q^E 2 F 2 + q~ 2 F 2 E 2 ) 

+ K^K 2 ~ 2 (q[E 2 , E 1 ] q [F 1 ,F 2 ] q + q~ 2 [F u F 2 } q [E 2 , E 1 ] q ) , 
which, with the commutation rule 

[[F 1 ,F 2 ] q ,[E 2 ,E 1 ] q ] = [[F 1 ,[E 2 ,E 1 ] q ],F2] q +[F 1 ,[F 2 ,[E 2 ,E 1 ] q ]] q 
= [[E 2 ,[F 1 ,E 1 ]} q ,F 2 ] q +[F 1 ,[[F 2 ,E 2 },E l } q ] q 

= -[K 2 1 E 2 ,F 2 } q + [F 1 ,E 1 K 2 2 } q 

= K\{q- 2 F 2 E 2 - E 2 F 2 ) + {F X E X - q- 2 E x F x )K 2 2 , 

can be rewritten as 

S-\q~ 1 X^X + yty) = X- 2 ([2]^^ + (q + q~ 2 )F 2 E 2 ) 

+ K^ 2 K 2 2 (q + g- 2 )[F!, F 2 ]j£ 2 , - qK^ 2 K 2 \F x E x - q- 2 E x F x ) . 

By construction the action of U q (su(2)) is trivial on rj, that is to say r]<Ei = r]<Fi=0 
and rj<\K 1 = rj, while rj < K 2 = q N l 2 r\. Then, an intermediate result states that 

OvV = V< [2] + (g + g" 2 )(F 2 £ 2 -g-^Fxt^, 

Using the commutator [F 2 , .E^] = and again r] < E 1 = 0, a further simplification comes 
from the computation 

rj < F 2 F X E X E 2 = V < F 2 [F 1: E X \E 2 = -rj < F 2 K \l q _\ E 2 = r] < F 2 E 2 , (6.10) 

leading to: 

D v r ] = r ] <([2][N] + (l + q- 3 )([2]F 2 E 2 -F 2 F 1 E 2 E 1 )^ . (6.11) 

Next, we relate the gauged Laplacian operator to the Casimir operator in (2.5). Now, 
when acting from the right on S ,Ar, a straightforward computation leads to 

rj < C q = rj < { [|Af + UN + l] 2 + [§7V + l] 2 + (q^ N+1 + q~l N - l )F 2 E 2 

+ F 2 F, (q-^iE^E^g-qT [f? 2 , } , 

33 



which, using again (6.10) reduces to 

77 <C q = 77 < { [§Af + [§7V + l] 2 + [fiV + l] 2 + (q* N + q-* N ) ([2}F 2 E 2 - F 2 F 1 E 2 E 1 ) } . 

(6.12) 

The generator L = K\K\ of the 'structure algebra' U q (u(l)) act on Eo.at as r)<L = q N l 2r q. 
Then, a comparison of (6.11) and (6.12) yields the following proposition. 

Proposition 6.3. The gauged Laplacian is related to the Casimir operator by 

a L5 / . . L -L~ l \ 

<z* — a- n v + 2 — 

q-2 +q~2 V Q — Q J 

= C q -(q- q- 1 )- 1 ((^ - Lr\f + (qL* - q^Lr^f + (gL§ - g" 1 ^!) 2 ) . 



or 



3 g 3 + g 3 



9* (Dv - [2] [iV]) = C, - [| Af - [f A + if - [|JV + l] 2 . 

<p + qr 2 

The diagonalization of the gauged Laplacian is made simple by the observation that 
for the Casimir left and right action is the same: C q > a = a < C q for all a G ^4(SU 9 (3)), 
and by the fact that with respect to the left action of U q (su(3)) there are decompositions: 

Eo iW ~0p (n ' n+N) if AT > , Eq^-Q^"-^ if AT < . 

neN nGN 

Proposition 6.4. The eigenvalues of the gauged Laplacian Dy are <jw en by 

\ n ,N = (1 + <T 3 )M[n + TV + 2] + [2][N] if A > , 

A n ,iv = (1 + q~ 3 )[n + 2][n — N] + [2][N] if iV < , 

with n e N. 

Proof. Using the above harmonic decomposition of £o,iv and the spectrum (2.6) of the 
Casimir operator, one gets 

3 _3 

Kn :=q^ q2 K +q l ([n + l|iV| + l] 2 + [n+l|iV| + l] 2 -[|iV + l] 2 -[liV+l] 2 ) + [2][iV]. 
q 3 + q 3 

with n E N and for any A G Z. This expression can be simplified using the identity 
[a + 6] 2 - [6] 2 = [a] [a + 26]. For A > this becomes 

3 _ 3 

Kn = q-' 1 q l +q w in] ([n + §A + 2] + [n + f A + 2]) + [2] [TV] , 
g 3 4- q 3 

that with a further simplification is the claimed expression in the proposition. One 
proceeds similarly for the case A < 0. □ 

It is worth stressing that the spectrum of Dy is not symmetric under the exchange 
A -H- — A, not even when exchanging in addition the parameter as q <c-> q~ x . A similar 
phenomenon was already observed in [14] for gauged Laplacians on the standard Podles 
sphere; the latter can be though of as the quantum projective line CP*. 
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7. Quantum characteristic classes 

Classically, topological invariants are computed by integrating powers of the curvature 
of a connection, the result being independent of the particular connection. On the other 
hand, in order to integrate the curvature of a connection on the quantum projective space 
CPg one needs 'twisted integrals'; the results are not integers any longer but rather q- 
analogues, as we shall see in Sect. 7.2. We start with some general result on equivariant 
K-theory and K-homology and corresponding Chern-Connes characters. 

7.1. Equivariant K-theory and K-homology. 

Classically, the equivariant topological l^o-group of a manifold is the Grothendieck group 
of the abelian monoid whose elements are equivalence classes of equivariant vector bun- 
dles. It has an algebraic version that can be generalized to noncommutative algebras. 
One has a bialgebra U and a left W-module algebra A. Equivariant vector bundles are 
replaced by one sided (left, say) A x W-modules that are finitely generated and projective 
as left A- modules; these will be simply called 'equivariant projective modules'. Any such 
a module is given by a pair (e, a), where e is an N x N idempotent with entries in A, 
and a : U — > MatTv(C) is a representation and the following compatibility requirement is 
satisfied (see e.g. [6, Sect. 2]), 

(h m > e) a(h {2) f = a(hfe , for h G U, (7.1) 

with ' *' denoting transposition. 

The corresponding module £ = A N e is made of elements v = (v 1: . . . , v N ) G A N in the 
range of the idempotent, ve = v, with left-module structure given by 

(a.v)i :— avi , (h.v)i := 1 (^(i) > v j) (T ij(^(2)) , f° r aEA and h G U . 

An equivalence between any two equivariant modules is simply an invertible left A x U- 
module map between them; V U (A) will denote the abelian monoid whose elements are 
equivalence classes of equivariant projective left modules with operation the direct sum, 
as usual. The equivariant K-theory group Kq(A) is the Grothendieck group of the abelian 
monoid V U (A). The equivalence of equivariant projective modules can be rephrased in 
terms of idempotents. What follows is a direct extension of well known results [1]. We 
give the proof for completeness. 

Lemma 7.1. Two equivariant projective modules £ = A N e and £' = A N 'e' are equivalent 
iff e = uv and e' = vu for some u G MatAr xA f'(^4) and v G MaiN'xN(A) satisfying the 
equivariance conditions 

(h {1) > u)<j'(h {2) y = aihfu , (h (1) > v)<j(h {2) y = a\h) l v . (7.2) 

Proof. Let w m = *Yl,i w i e i» be ^ ne generic element of A N e. If ix : A N e — > A N 'e' is a left 
^4-module map, then 7i(w 9 ) = u>j7r(ej.), so the map is uniquely determined by the 
its value on rows of the idempotent e, and similarly for 7r _1 . We call u G Mat7v X 7V'(*4) 
(resp. v G MatAr/ X Ar(^4)) the matrix with entries Uij := n(ei,)j (resp. Vij := 
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Since n maps into the range of e' (resp. n 1 maps into the range of e), we have the 
conditions 

53 . -K{ei,)je' jk = 7r(ei.)fc , and 53,- ^Vi.W = 7r_1 ( e i.)fe , 
that in term of row vectors become 

^ ^ UijCj , = Mj, , and ^ ^ . = v i» ■ 

Next, we apply 7r _1 to the equation on the left, n to the one on the right, and use A- 
linearity. Since Uij is the j-th component of image, via ir, of the i-th row of e, and ir^ 1 is 
the inverse map, we have ir(u it ) = e i9 and similarly for tt -1 . Thus: 

53 ■ U ij V jk = e ik ? ^ ] v ij u jk = e jfc • 

From the definition of w, the equivariance properties of e, and the fact that n is an 
W-module map, we get 

h. Ui, = /i(i)>M i .o- / (/i (2) )' = 7r(/i.e i# ) = 7r(/i(i)>e i# (j(/i(2))*) = 7r((cr(/i) t e)j.) = (<7(/i)V)j. , 

which is the first equivariance condition in (7.2). Similarly one proves the equivariance 
condition for v. With this, the 'only if part is proved. 

Next, assume that e = uv and e' = vu for some u and v satisfying (7.2) above. Then, 

(h m > e)a(h {2 )) t = (h (1) > u)(/i( 2 ) > v)a(h (3) Y = (h m > u)a'(h {2 )Yv = a(h) l uv , 

which means e that satisfies (7.1). Similarly for e'. 

We define ir : A N e — > A N 'e' and n^ 1 : A N 'e' — > A N e via the formula? n(w) := wu and 
7i^ 1 (w) := wv; we need to show that (i) the maps are well defined, (ii) they are one the 
inverse of the other, (iii) they are left A x W-module maps. Point (iii) is a consequence 
of the fact that left and right multiplication commute, and of the equivariance conditions 
for u and v. Point (ii) follows from the identity n~ 1 7!-(w) = we (resp. 7T7r _1 (w) = we'), 
and the fact that w is in the range of e (resp. e'). Finally if w e A N e, we have 

n(w)e = w(uvu) = (we)u = wu = ir(w) , 

i. e. ir(w) G A N 'e', and similarly for 7T" 1 : the maps are well defined. □ 

There is a natural map from equivariant K-theory to equivariant cyclic homology 
given for instance in [16]. We adapt that construction to our situation. One start with 
Hom c (W, A n+1 ), the collection of C-linear maps from U to A n+1 , and defines operations 
b n>i : Rom c (U,A n+1 ) -> Rom c (U,A n ), for % = 0, . . . , n, 

b n ,i( a o ® a>i ® ■ ■ • <8> a n )(h) :— (a <g> . . . <g> a,ia i+1 <g) . . . <g) a n )(h) , if i ^ n , 
Vn( Q o ® ai <g> . . . <g) a n )(/i) := ((/i(i) > a n )a <g> ai <g> . . . <g> a„_i) (fy 2 )) , (7.3) 

and an operation \ n : Hom c (W, -4™ +1 ) — >■ Hom c (W, ^4 n+1 ), 

A„(a <g> ai (8) . . . <g> a n )(/i) := (-l) n ((/i(i) > a„) (g) a <8> ai <E> • • • <8> On-i)(^(2)) • (7.4) 
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They are the face operators and the cyclic operator of equivariant cyclic homology as 
we are going to show. The maps & n ,i make up a presimplicial module - one checks that 
K-i,iKj = K-i,j-ib n ,i for all < i < j < n -, so that 

is a boundary operator [15]. The Hopf algebra U acts on A n+1 via the rule 
h ► (a <g) Qi <E> ■ ■ ■ <S> a n ) := fyi) > a-o <8> ^(2) > ^i ® . . . <g> fo( n +i) > a ra , 

and C^(A) will denote the collection of elements w e Hom c (W, ^4 n+1 ) which are 'equi- 
variant', meaning that 

►o;)(x/i( 2 )) =oo(hx) , 

for all /i, x eW. Next, one establishes that the operators commute with the action 
of W (a not completely trivial task for the last one & n ,n)> and it makes sense to consider 
the complex of equivariant maps. The cyclic operator A n commutes with the action of U 
thus it descends to an operator on C„(A) as well. Finally, with 

it holds that b n (l — A n ) = (1 — \ n -i)b' n , which says that the boundary operator b n maps 
C%(A)/lm(l - A n ) into C"_ 1 (^4)/Im(l - A n -i). The homology of this last complex is 
called the 'W-equivariant cyclic homology' of A with corresponding homology groups 
usually denoted HC%(A). 

Next, for o \ U — y Matjy(C) a representation as above, consider the set 

Mat^(^) := {T G Mat^(^) | (h (1) > T) <t(/i (2 ))* = a{hf T , V /i G W } . 

This is a subalgebra of Mat/v(»4); indeed given any two of its elements T 1? T 2 one has: 

(h {1) > (TxT 2 )) a(h {2) Y = ((h w >T 1 )(/i (2) >T 2 )) <7(/i (3) )' 

= (/ i(1) >T 1 ) ( 7(/i (2) )*T 2 = ( 7(/i)*T 1 T 2 . 

Moreover, a-equivariant N x N idempotents as in (7.1) are elements of Mat^(«4). Due 
to the definition of M&t a N (A) there exists a map Tr CT : Mat^(^4) n+1 ->■ C^(.A) given by 

Tr CT (T <8i Ti (8) . . . ® T n )(/i) := Tr (T <g> Ti <g> . . . ® T n a{hf) 

= (To) ioil <E> (7i) ilia <g> . . . <g) (T„) Jnln+1 a(/i) ioWl , 

io,ii,...,i n +i 

where ® denotes composition of the tensor product over C with matrix multiplication. 
Also, 

(-l) n A n Tr CT (T ®T 1 ®...®T„)(/i) = Tr > T n a(/i)' ® T ® T\ ® ... <g)Tn_i) 

= Tr((r(/i)*rn (8) T <g> Ti <g> . . . ® T n -i) 

= Tr ff (T n (8)To<8)...(8)T n _ 1 )(^) , 

which amounts to say that Tr CT transform the ordinary cyclic operator for the algebra 
Mat%(A) into the 'W-equivariant' cyclic operator for A. Since b n , n = &n,oA n , the map Tr a 



37 



is a morphism of differential complexes, mapping the complex of the cyclic homology of 
Mat^(^4) to the complex of the W-equivariant cyclic homology of A. This construction 
is completely analogous to the 'non-equivariant' case, cf. [15, Cor. 1.2.3]. 

At this point, one can repeat verbatim the proof of Thm 8.3.2 in [15], replacing the 
ring R := Mat n {A) there, with Mat^(v4.) (which is still a matrix ring) and replacing the 
generalized trace map there, with Tr CT , to prove the following theorem. 

Theorem 7.2. A map ch n : K%(A) ->■ HC%(A) is defined by 

ch n (e,a) := Tr a (e 0n+1 ) . 

We give in App. C an alternative, more explicit proof for the cases n < 4. We stress 
that what we denote here HC n and call cyclic homology is Connes' first version of cyclic 
homology, i.e. the homology of Connes' complex denoted in [15]. 

Modulo a normalization, the cycle ch n (e, <t)(1) is the usual Chern-Connes character in 
cyclic homology (and in fact, no cr's in the formulae). On the other hand, ch ra (e, a){{K 1 K 2 )~ i ) 
is what we are about to use for CPjj. In general, one fixes a group-like element K e U 
calling 7] the corresponding automorphism of A, 77(a) := K > a for all a £ A. Then, 
one pairs HC^(A) with the Hochschild cohomology of A with coefficients in „A; the 
latter is A itself with bimodule structure a' (a) a" = r)(a')aa". Indeed, the pairing (, ) : 
Hom c (-4 n+1 ,C) x Eom c (U,A n+1 ) ->■ C defined by 

(t,u):=t(u(K)) , (7.5) 

when used to compute the dual b* n i : Homc(v4 n , C) — > Homc(v4. n+1 , C) of the face opera- 
tors introduced in (7.3), yields the formulae: 

K,i T ( a o, ai, • • • , On) = r(a , OjOj+i, ...,a n ), if % ^ n , 
K,n T ( a o, ai, . . • , a n ) := r(r](a n )a , a 1 ,..., a n _i) . 

These are just the face operators of the Hochschild cohomology H'(A, V A) of A with 
coefficients in V A (cf. [15]). Thus, the pairing in (7.5) descends to a pairing 

H n (A, r ,A) x HC%(A) ->C. 

7.2. The example of CP^. 

As mentioned, for CP^ we take K = (KiK 2 )~ 4 the element implementing the square of 
the antipode (cf. (2.2)). Now, the Haar state of ^4(SU 9 (3)), satisfies (cf. Eq. (11.26) and 
Eq. (11.36) in [13]) 

ip(ab) =ip((Kt>b<K)a) , for a,b e A(SV q (3)) , 

which for a, b e ^4(CP^) results in 

ip(ab) =<p((K> b)a) = <p(ri(b)a) . (7.6) 

This just means that the restriction of the Haar state of ^4(SU g (3)) to ^4(CP^) is the 
representative of a class in H° (A(CP^) , V A(CP^)) . An additional zero cocycle is given by 
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the restriction of the counit e of SU 9 (3), which on CP 2 yields the 'classical point', that is 
the character xo m (4-3). 

On the other hand, with the integral defined in (5.4) by using the Haar state as well, 
an element [r 4 ] G H 4 (A{CP 2 q ), v A(CPg)) is constructed as 

T4(ao, • • • , 04) := j- aodai A q . . . A q da^ . 
Let us check that it is a cocycle. Leibniz rule gives 

^5 r 4(oo, • • • , 05) = j- aoOida2 A q 03 A q 04 A q das — j~ ao(aida2 + dai 02) A g 03 A g 04 A q da§ 

+ ^ aodai A q (a2da 3 + da 2 a 3 ) A q a 4 A q da 5 — -j- a dai A q a 2 A q (a3da4 + da3 04) A q da^ 

+ -j- a dai A q a 2 A q a 3 A q (a 4 da 5 + da 4 a 5 ) - -J- r)(a 5 )a A q a t da 2 A q a 3 A q a 4 

= -j- a (dax A q ... A q da 4 )a 5 - ^ r](a 5 )ao(dai A q . . . A q da 4 ) , 

which is zero by the modular property (7.6) of the Haar state. 

A 2-cocycle can be defined in a similar way. Recall that elements of fi 1,1 (CPg) have the 
form u — (a, 014), with a 4 G ^4(CP 2 ). Let tt : f^'^CP 2 ) ->• -A(CP 2 ) be the projection onto 
the second component vr(cj) = a 4 , and extend it to a projection 7r : f2 2 (CP 2 ) — > A(CP 2 ) 
by setting n(uj) = if w G f2 0,2 or w G f2 2,0 . The map 7r is an ^4(CP 2 )-bimodule map. 
Then, the map 

r 2 (a , ai, a 2 ) := V 5 7r(aodai A g da 2 ) 
is the representative of a class [r 2 ] G if 2 (*4.(CP 2 ), ^(CP 2 )). Indeed, by the Leibniz rule, 

63X2(00,01,02,03) = y? o 7r(a (dai A 9 da 2 )a 3 - r](a 3 )ao(dai A g da 2 )) . 

Being n a bimodule map we get in turn 

63X2(00, «i, Ci2, o 3 ) = V9(a 7r(dai A q da 2 )a 3 - 77(a 3 )ao7r(dai A g da 2 )) , 

which is zero by the modular property of the Haar state. 

Both classes [r 4 ] and [r 2 ] will be proven to be not trivial by pairing them with the 
monopole projections (3.4). Firstly, 

Lemma 7.3. The monopole projections P N = ^ N ^ N in (3.4) are equivariant with respect 
to the representation <j n ofU q (su(3)) defined as 

P °' N (s(h)y if n > , 

a N (h) := p~ N '°(S(h)Y if AT < . 



a N (h) : = 
Proof. By Prop. 3.4, 



& N p°' N (h) if TV > , 
^ N p- N '°(h) if N < , 
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for all h E W„(j6u(3)). Using (h > a*)* = S(h)* > a, we get h>V N = a N (hY^ N , and the 
equivariance of Pn follows. □ 

From the construction of the previous section, we can pair ch 4 (P/v, a N ) with [r 4 ] and 
ch 2 (P N ,a N ) with [r 2 ]. The pairing of [r 2 ] with ch 2 (P/v, cr^) gives 

(ra.ch^P^O) = ^Tr(P JV 7r(dP w A, dP^)^^ 4 ^ 4 )') 
= q- 2N V (¥ N n(dP N A q dP N )V N ) . 

Since ^jv are 'functions' on the total space of the bundle, we cannot move them inside n 
(which is an .4.(CP 2 )-bimodule map, not an ^4(SU g (3))-bimodule map). Nevertheless, - 
with a little abuse of notations - the form V 2 N = tt(V 2 n ) is a constant, and 

PvdPv A g dPv = ^vV^jv = ir(V 2 N )* N tf N = 7f{V 2 N )P N . 

With this, and using & N P N ty N = 1, we come to the final formula 

<r 2 ,ch 2 (P^,O>=g- 2 ^0 7r(V^). 

In (6.8), we have already shown that = g^fiV] V 2 with V 2 = (0,wi). Thus the 
corresponding quantum characteristic class is proportional to q~ N [N]: 

(r 2 ,ch 2 (P N ,a N )) = ^o 7 r(V 2 1 ))q~ N - l [N}. 

At q — 1 the integral of the curvature is (modulo a global normalization constant) the 
monopole number of the bundle; it is the same as the first Chern number. 
As for the pairing of ch 4 (P/v, a N ) with r 4 , 

<T 4 ,ch 4 (Pv,0) = jTr(P N (dP N ) 4 a N (K^K^y) . 

Using the modular properties of the Haar state, which means 

j Tr(* N V) = j Tr (U(i^ 2 ) 4 > V N < (i^)' 4 ) = q~ 2N j Tr (V a N (KtK^ N ) 

and is valid for any row vector V with entries in v 4.(SU g (3)), we get: 

<r 4 , ch 4 (Pv, /)) = q- 2N j ¥ N {dP N )^ N . 

We need to compute the top form ^ N (dP N Y^> N . From the identity (6.1) it follows that 
P N {&P N ) 2 V N = (dP N ) 2 P N V N = (dPv) 2 ^, and 

tf N {dP N )^ N = *!v(d^iv) 2 A q P N (dP N ) 2 V N 

= tf N {dP N )H N A, ¥ N (dP N )H N = V 2 N A q V 2 N , 

leading to 

<r 4 ,ch 4 (P w ,0) = g- 2W ^V 2 v A g V 2 v . 
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Using V% = q N 1 [N] V 2 the corresponding quantum characteristic class is found to be 
proportional to [N] 2 : 

(n,ch\P N ,a N )) = (V 2 ^V 2 A,V 2 ) [N] 2 . 

At q = 1, the integral of the square of the curvature is (modulo a global normalization 
constant) the instanton number of the bundle. The pairing of a projection with the third 
Fredholm module as in Sect. 4.3 does not give the 'classical' instanton number, that is 
N 2 , but rather the 2nd Chern number which is combination of the instanton number and 
of the monopole number. 

By pairing ch°(P N , a N ) with the Haar state, and using its modular property, one gets 

(cp,ch°(P N ,a N )) = v(TrP N a N (K^K^)) = q- 2N ip(^ N * N ) 
= q~ 2N . 

On the other hand, the pairing with the classical point xo yields 

( X o,ch°(P N ,a N )) = Tr X o(P N )a N (K^K^) = (0, 0, 0|tf^|0, 0, 0) 
= q 2N , 

with |0, 0, 0) the highest weight of the representation p°' N if N > or p~ N '° if N < 0. 

As a byproduct, we see that if q is transcendental, the equivariant i^o-group has (at 
least) a countable number of generators: ^'^'(^(CP^)) D Z°°, i.e. all [P N ] are 
independent. Indeed, were the classes [Pn] not independent, there would exist a sequence 
{/cat} of integers - all zero but for finitely many - such that J2n ^Nq 2N = 0, and q would 
be the root of a non-zero polynomial with integer coefficients. 

The results above are analogous to the ones for the standard Podles sphere (cf. Prop. 5.1 
and 5.2 in [21]). In fact they are instances of the general fact (cf. [16, Thm. 3.6]) that 
the equivariant Kq group is a free abelian group and generators are, for the present case, 
in bijection with equivalence classes of irreducible corepresentations of U g (u(2)). 



8. Concluding remarks 

On a four-dimensional manifold (anti) self-dual connections are stationary points (usu- 
ally minima) of the Yang-Mills action functional, i.e. they are solutions of the corre- 
sponding equations of motion. In dimension greater than four, 'generalized' instantons 
can be defined as solutions of Hermitian Yang-Mills equations. On CP n a basic instan- 
ton solution is associated to the canonical (universal) connection on the Stiefel bundle 
U(n) <—} U(n + 1)/U(1) — > CP™. The extension of this construction to quantum complex 
projective spaces - using the differential calculus in [5] - will be explored in future works, 
and it should help, in particular, to understand how to generalize Hermitian Yang-Mills 
equations to noncommutative spaces. 
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Appendix A. Proof of Proposition. 5.1 



In this appendix, we determine the most general value of the normalization constants 
in order to have a left W g (u(2))-covariant product on V'* which is i) associative, ii) graded 
commutative for q — 1, and iii) it sends real vectors into real vectors. 

Indeed, as a way of illustration, let us start by considering the cases V ' 1 x V 1 ' — > V 1 ' 1 
and V ' 1 x V ' 1 ->■ V ' 2 . As vector spaces V ' 1 ~ V 1 ' ~ C 2 . For v,w G C 2 we order 
the components of v <8> w as: v <g) w — (viWi,viW2, V2W1, v 2 w 2 y. A unitary equivalence U 
between o~i N <g> <Ji N , and ct^n+n 1 © &o,n+n' is given by 



U 



(\ 








g-3[2]-3 





g§[2]- 





9 3[2]-i 



-g-3[2]-a 



0\ 

1 

0/ 



(A.l) 



It is easy to check that U {o-i^ N {h(i))v®ai^ N ,{h( 2 ))w) = (cri t N+N'(h)(Bcro,N+N'(h))U(v^)w) 
for all h G U q (u(2)) by doing it explicitly on all generators. For h = K 1: KiK 2 this is 
trivial. For h — E ± , and omitting the representation symbols, we have 

/ q~^v 2 w 2 \ / q~^viw 2 + q^v 2 wi\ 



U(E l v <g> Kiw + K^v <g> Exw) = U 



q 2 v 2 w 2 
1 

q 2 v 2 w 2 




\ q 2ViW 2 + q2v 2 Wx J 



[2]2v 2 w 2 





and 



E-JJ{v <g> w) = [2] 



(0 


1 





o\ 








1 

















\o 








0/ 



U(v 



/0 g-5 


1 

qi 





\ 








\2\\ 















\0 








/ 



(v <S> w) 



Thus UA^) 
A q : V ' 1 x V 1,0 ->■ V 1 ' 1 is then v A q w 



EiU . Then the statement holds for F 1 since F x = E{. The map 

diag(ci, ci, Ci, c 2 )U(v <g> w), where Ci,c 2 G K 
are arbitrary for the time being. When q = ±1 we would get partial isometries; by 
composing U with the orthogonal projection onto the last component, we would get a 
partial isometry from V 0,1 x V ' 1 — > V 0,2 . 

The general situation is listed in the following proposition. 

Proposition A.l. The most general left U q (u(2))-covariant graded product A q on V'* , 
sending real vectors to real vectors, is given by 

:= CoHq(v,wY , 



yO,l 


x V ' 1 


-+ V ' 2 , 


v A q 


w 


yO,l 


xV lfi 


V 1 ' 1 , 


v A q 


w 


yO,i 


x V 2 ' 1 


V 2 ' 2 , 


v A q 


w 


yO,l 


x V 1 ' 1 


V 1 ' 2 , 


v A q 


w 


yifi 


x V lfi 


v 2 >° , 


v A q 


w 



<*[3]-* 



fx 2 (v,wY + c 2 vw A , 



C 4 /i (V,W) 
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V 1 ' x V ' 1 ->■ V 1 ' 1 

yl,0 x yl,2 _^ ^2,2 

ylfl x yl.l _^ y 2,l 

yl,2 x ^1,0 _^ p.2,2 

y2,l x yO.l _^ y2,2 

yl,l x yO,l _^ yl,2 



yl,l x yl,0 _^ y2,l 



1,1 



^2,2 



v A q w := (-dofi^v^w), d 1 /jL (v,w)) t , 

v A q w := d 2 fio(v,wY , 

v A q w := c\[3]~ 2 fi 2 (v , uif + c 2 fU7 4 , 

v A q w := d 3 fj, (v, w) 1 , 

v A q w := d4fi (v, w) 1 , 

v A q w := — c 2 [3]~2/i 3 (t> , u>)* + c^^w , 

v A q w := — d;[3] ~2fi 3 (v , w) 1 + Cgt^w , 

v A q w := c\[3]~z H4(v, w) + c^v^w^ . 



The coefficients c iy dj and c| el are arbitrary for the time being; and the maps fii's are 



Ho 
Hi 
H2 

H3 

Ha 



xl 2 -} 



P X I 3 4 



£ 3 Xl 2 4 



Xl 3 4 



Ho(v,w) := [2Y^(q2ViW 2 - q~*v 2 w 1 ) , 
Hi(v,w) : = (uiiui, [2]"5(g-§t; lW2 + g^u^), v 2 w 2 ) , 
fi 2 (v,w) := (qv 1 w 2 - g - ^ [2]^ 2 Wi, g^[2]5t> lW3 - g _1 f 2 w 2 ) , 
H3(v,w) := (q^[2]^viw 2 - q^v^i, qv 2 w 2 - g _ 5 [2}^v 3 uii) , 
jj A (v,w) := qviw 3 - v 2 w 2 + q~ 1 v 3 w 1 . 



On the other hand, there is no need to to specify the multiplication rule by elements in 

yO,0 = y0,2 = y2,0 = y2,2 = C> bemg sca / flrs . 

When all the coefficients Cj's and d^s are equal to ±1 and {c}) 2 + (c 2 ) 2 = 1, the maps in 
the proposition are partial isometries. In general, not all the choices give an associative 
product. Associativity fixes the value of the parameters d^s and rf's. 



Lemma A. 2. We have 

H4(Hi( v , v '), w ) = Ho(v,H2(v',w)) , 
Ho(H2{v,w),v') = fio(v,fi 3 (w,v')) , 
Ho(fi 3 (w,v),v') = fi^(w,fii(y,v')) , 
li 2 {v,ni{v'y)) = [2}/i (v,v')v" + v/i (v',v") , 
^ 3 {^{v,v'),v") = Ho(v,v')v" + [2}vii (v',v") , 

for all v, v f , v" G C 2 and w G C 3 . 

Proof. By direct computation. Both sides of (A. 2a) are equal to 

qviv[w 3 - [2]~5(q~5viv' 2 + q^v 2 v[)w 2 + q~ 1 v 2 v' 2 Wi , 
both sides of (A. 2b) are equal to 

3 1 3 1 

cp [2}^2 Vl w 2V ' 2 - viw^ - v 2 Wiv' 2 + g _5 [2] ~ 2 V2 w 2V ' 1 5 
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(A.2a) 
(A.2b) 
(A.2c) 
(A.2d) 
(A.2e) 



both sides of (A. 2c) are equal to 

qviw 2 v' 2 - [2]~^v 2 (q~^Wiv' 2 + q^w 2 v[) + q~ 1 v 3 Wiv[ , 
both sides of (A. 2d) are equal to 

(q^[2]^^Viv[v 2 + q^[2]~^Viv' 2 v'{ — q~ ^ [2]^ v 2 v[v" \ 
11 31 11 /' 

q~^[2]^Viv' 2 v 2 — q~2[2}~2v 2 v' 1 v 2 ' — q~^\2\~^v 2 v' 2 v'{' 

both sides of (A.2e) are equal to 

/q^ [2] ^v^v^v'l — q~^[2]~^Viv' 2 v" — q~^ [2]~^V2v[v"\ 
V q^[2]"^viv' 2 v 2 + ga 1 [2]~si> 2 i4i>2 — q~^[2]^v 2 v' 2 v'{ J 

□ 

Proposition A. 3. The map A q in Prop. A.l is a graded associative product on V'* if 



d = 


s l q2 S2 c 1 , 




Siq 2 2 c 2 , 


(A.3a) 


c\ = 


[2] Cl ' 


4 = 


31(1 [2] Cl ' 


(A.3b) 


c\ = 


1 c 
[2] c 2 ' 


4 = 


" Sig [2]^' 


(A.3c) 


4 = 


_i S2 a/[3Jc 4 
[2] ci 




V / [3jc 4 
[2] Cl ' 


(A.3d) 


4 = 


3 S „ 1 C 4 

[2] c 2 


4 = 


1 C4 


(A.3e) 


cl = 


-ks2 C 3 C 4 

sig [2] ' 


4 = 


3 S2 1 C3C4 


(A.3f) 


d 2 = 


C3C4 
c 


d 3 = 


c 3 c A 


(A.3g) 


C?4 = 


C3 , , 






(A.3h) 



where {si,s 2 } e {±1} are arbitrary signs. The algebra is graded commutative in the 
q — > 1 /irmt i/jf Si = 1. 

Proof. We seek solutions with all parameters different from zero The product is graded 
by construction. We impose the condition: 

(v A q v') A q v" = vA q (v' A q v") . 

If one of the three vectors v,v',v" is a scalar, i.e. an element of V ' , V ' 2 , V 2 ' or V 2 ' 2 , 
the equality follows by the bilinearity of A q . The non-trivial cases are when all three 
vectors are not scalars. If the total degree is greater than 4, we get = 0. The remaining 
non-trivial cases are firstly (v , v', v") G V 0,1 x V ' 1 x V 1 ' and (two) permutations: 

(v A q v') A q v" = c Ho(v, v')v" , 

v A q (V A q v") = cici[3]"3ji 2 (u,A*i(uV)) + c 2 c 2 1 vj2 (v',v") , 
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(v A q v") A q v' = -CiCgp] 2^ 3 (^i(u,u"),u') + c 2 clno{v,v")v' , 
vA q iy" A q v') = -d c\[3]-?(j, 2 (v,fj.i(v",v')) + d^lv^v" ,v') , 

(v" A q v) A q v' = d c\[2]-^ ^(^(v" ,v),v') + d 1 clfi (v",v)v' , 
v" A q (v Ag v') = c v"fi (v, v') . 

Using (A.2d-A.2e) one sees that associativity is just the conditions 

(A.3a-A.3c) respectively. 
Then, (v,v',v") G V 1 ' x V 1,0 x V ' 1 and (two) permutations: 

(v A q v') Ag v" = c 4 fi (v, v')v" , 

v Ag (v' Agv") = -d cl[3]~^ 2 (v, Hi(v' , v")) + d^v^v' ,v") , 
(v Agv") A q v' = d cl[3]~^/ji 3 (fjii(v,v f '),^) + d 1 c^(v,i/')i/ , 

V A q (v" A q v') = Cic\[3]~^ fi 2 (v, fJ,l(v" ,V')) + C 2 c\v ^(v" , V ) , 

(v" Agv) A q v' = -cic\[Z]~^ nz(ni(v" ,v),v') + c 2 clno(v", v)v' , 
v" Ag (v A q v') = c 4 v"fi (v, v') . 

Using again (A.2d-A.2e) one sees that associativity is just the condition (A.3d-A.3e) 
respectively. 

Finally, (v,v',v") G V 0,1 x U 1,0 x V 1 ' 1 and (five) permutations: 

{V A q v'} A q v" = C 2 cIhq(v,v')w A + CiC5[3]~^4(A*l(f ^O,^") , 

V A q {v' A q v"} = C 3 clfi (v,v'w 4 ) + C 3 c\ [3] " * (J, (v , fl 2 (v , v") ) , 



{V Aq V"} Aq V = cld 3 fi {vW 4 , V 
V Aq {v" Aq v'} = C 3 cl^o(v, W 4 v' 



+ d 3 c 1 1 [3}- 1 *ii (ii 2 (v,v"),v') , 
- c 3 cl[3}~^ /i (v, /i 3 (v" ,v')) , 

{v' A q v} A q v" = d 1 clfi {v',v)w 4 - d Q c\[3]~^ ^(^(v' ,v),v") , 



v' Aq {v Aq v"} = d 2 clfi (v' , VW4 
{v' A q v"} AgV = d 4 clfi (v'w4,V 

v Ag {v" Ag v} = d 2 clfj,o(v', W4V 

W A q v} A q v' = d 3 clfi {wAV,v' 
v" Ag {v Ag v'} = c 2 clwiH (v, v' 

{v" A q v'} AgV = d4c1fJ,o(w4v' , V 

v" Ag {v Aq v} = dic^wiHoiy' , v 



+ d 2 c\[3] ^Ho(v',n 2 (v,v")) , 

+ d 4 cl[3}-^ {^ 2 {v',v"),v) , 

- d 2 4[3]~'fi (v',fi 3 (v",v)) , 

- d 3 cl[3\-^ii Q (ii 3 (v",v),v') , 
+ ci4[3]"5 ^{v" , fn(v,v')) , 

- dic\[3]~^ ^(^(v" ,v'),v) > 

- doc£[3]"Wu",^i(u',u)) • 
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Using (A. 2), associativity for the first couple is shown to be equivalent to (A.3f), for the 
second couple to the second condition in (A.3g), for the third couple to the first condition 
in (A.3g), for the fourth couple to (A.3h). For the last two couples the associativity is 
automatically satisfied. 

Graded anticommutativity in the q — > 1 limit is a simple check, based on the observation 
that for q = 1: /i is antisymmetric, /ii is symmetric, ^{v'^v") = —fi 3 (v",v'), and /i 4 is 
symmetric. This concludes the proof. □ 

Appendix B. Some general facts on calculi 

In this appendix we review the material that leads to the construction of the differential 
calculus (fi'(CPg), d) on CP 2 , in particular the fact that it is enough to define things for 
one-forms and then extend them in a natural and unique (by universality) way. 

Recall that a first order differential calculus on a unital *-algebra A is a pair (Q 1 A, d), 
where is an .4-bimodule giving the space of one-forms and d : A — > ^A is the 
exterior differential - a linear map satisfying the Leibniz rule, 

d(ab) = a(db) + (da)b for all a, b G A. 

We also assumes that Q l A = ^4(d^4) and that we are dealing with a *-calculus with the 
♦-structure on &A given (uniquely) by (da)* = — d(a*) for all a G A. 

To go beyond one forms a differential graded *-algebra (f2* = (Bk^ k A, d) is defined as 
follows. The set fl'A is a graded algebra, with Q°A = A and graded product denoted 
A q : VL k A x VL l A —¥ VL k+l A. The universal differential calculus of A is obtained when A q 
is the tensor product, Q 1 A is the kernel of the multiplication map m[a <g> b) = ab and 
da = a Cg> 1 — I® a. With a general associative (unital) graded multiplication A q , the 
calculus will always be a quotient of the universal calculus by a differential ideal. 

Element in Vt k A (that is k-forms) are (sums of) products of k 1-forms: u = ViA q . . .A q v k . 
The differential is extended to ^.4. by requiring that its square vanishes, d 2 = 0, and 
that it is a graded derivation of degree 1, that is d : Vl k A — > VL k+l A and 

d(w A q uj') = du A q J + (-l) dg(u>) u A q du' , 

for any two forms u> and uj' . By universality, these two properties uniquely identify d. It 
is the map given on 1-forms by 

d(ad6) = da A q db = -d(dafe) 

on any product of k 1-forms by 

k 

d(ui A q ...A q v k ) = ^(-iy~ V A, . . . A q dvi A q . . . A q v k , 
i=i 

and extended by linearity. Finally, a *-structure on a differential calculus is given by a 
graded involution which anti-commutes with the differential. Given a *-structure on A, a 
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♦-structure on (Q'A,d) is uniquely defined firstly on 1-forms by (adb)* = — (db*)a*, and 
then by induction on /c-forms by 

(v A q w)* = (-l) k - 1 w* A q v* , 

where v is a 1-form and w is a k — 1 form. With this, one easily check, again by induction, 
that du* = — (da;)* for any form oj. 

An equivalent way to give a *-differential calculus (fl'A, d) is via a differential double 
complex (Q*'*A, d, 3). That is to say, starting with a bigradation Vl k A := (& i+ j =k &< t,j A 
with a bigraded product, the following statements are equivalent: 

i) there is a graded derivation d : il*A — > il* +1 A satisfying 

d 2 = and do; = -(du;*)* ; 

ii) there are two graded derivations d : Q*'*A — > £l* +1 '*A and 3 : Q*'*A — > £l*'* +1 A, 

satisfying 

d 2 = d 2 = dd + 3d = and 3u = -(du*)* . 
Appendix C. An alternative proof of Theorem 7.2 for n < 4 
We give an alternative proof that the map ch n : Kq(A) — > HC^(A) given by 

ch"(e, a)(h) := Tr(e® n+1 a(h) 1 ) , (C.f) 

is well-defined. This proof is valid for n < 4 and for it we use the results of Lemma 7.f 
stating the equivalence of equivariant projective modules in terms of idempotents. 

Thus, we aim at proving that for any [(e, a)] G Kq(A), the expression in (C.f) is an 
equivariant cyclic n-cycle, and that if (e, a) is in the same class of (e',a'), the difference 
ch n (e, a) — ch n (e', a') is a boundary. In fact, when n is odd (C.f) 

ch n (e,a) = |(l-A n )ch n (e,<7) , 

and ch n (e,a) reduces in C^(^4)/Im(f — A n ) to the trivial equivariant cyclic cocycle 0. 

For n even, one finds that 6 n ch n (e, a) = ch n_1 (e, a) which vanishes in C"(v4.)/Im(f — A n ) 
since n — 1 is now odd and the class of ch n_1 (e, a) is zero as before. Thus, ch n (e, a) is an 
equivariant cyclic cocycle. 

For the last part of the proof, ch°(e, a) — ch°(e', a') is the boundary of the function 

Tr(u<8)w(/i)*) ; 

ch 2 (e, a) — ch 2 (e', a') is the boundary (modulo the image of f — A 2 ) of 

Ti(e® 2 ®u®va(h) t ) + Tr(w® e'® 2 <g> va(hf) + |Tr(w(g)v(8)w<8) w(/i)*) ; 
and ch 4 (e, a) — ch 4 (e', a') is the boundary (modulo the image of 1 — A 4 ) of 

Tr(e® 4 ®w®w(/i)*) +Tr(u®e'® 4 ®va{hy) 

- ^Tr(e® 2 ®u®v ®u®v o (hf) - |Tr(« <8> e'® 2 ® v ® u ® va(hY) 

+ ^Tr(e 02 (giMtgie'® 2 <S>va(hY) + lTr(u®v®u®v<k>u®va(h) t ) . 
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This concludes the proof. In general, for an arbitrary high n, it is not an easy task to 
write ch n (e, a) — ch™(e', a') explicitly as the boundary of something else. 

Appendix D. Irreducible ^representations of CP^ 

In this appendix we prove the result mentioned at the end of Sect. 4.3, namely that any 
non-trivial irreducible ^representation (irrep for short) of ^4(CP^) (by bounded operators 
on a Hilbert space) is unitarily equivalent to one of the representations Xo, Xi or X2 
described in the paper. 

Lemma D.l. Let n : A(CP 2 ) — > B(H) be a ^-representation such that ker7r(pn) = {0}. 
Then there exists Zi e B(T-L), i = 1,2,3, such that Z 1 is positive and 

( Z\ qZ 2 Z x qZ 3 Z x \ 
tt(P)= qZ x Zl Z* 2 Z 2 Z* 2 Z Z . (D.l) 
\qZ\Zl Z% ) Z 2 Z^Zz J 

With this, a * -representation n : A(S^) — > B(H) is defined by 7f(zj) = Z; t and it satisfies 
ker7r(zi) = {0}. Moreover, Z*Zj = n(pij), so that the restriction of n to A(CP 2 ) is 
exactly n. The * -representation tt is irreducible if ' ir is irreducible. 

Proof. Recall that the generators pij of A(CPg) satisfy the commutation relations in 
Sect. 2.3, the quadratic relations YljPijPji = Va-, i — 1)2,3, and the real structure is 
given p^ = They are related to the generators Zi of A(S^) by p^ = z*Zj. 

Since n is a ^representation, n(pu) = J2j 7l (Pij) 7l i.Pji) = J2j 7l (Pji)* 7l (Pji) * s a sum °f 
positive operators and then it is positive as well. The positive operators Ai = ir(pi,i)^ are 
well defined and are mutually commuting since pa are mutually commuting. 

We have (g 4 pn + <? 2 £>22 + P33)Pu = Pa = J2jPijPji, for a11 i = !> 2 > 3 - Using the 
commutation rules between p^ and pji yields 

q 2 PnP22 + P11P33 = P21P12 + q~ 2 P3iPi3 , 

q A PllP22 + P22P33 = q 2 P2lPl2 + (q~ 2 - l)P3lPl3 + ? _2 P32P23 , 
VllP33 + q 2 P22P33 = 

By solving these equations we get 



<? 4 PllP33 + q 2 P22P33 = P31P13 + P32P23 ■ 



PuPii = q 2 P\iPa , 2 = 2,3, (D.2) 

and a third relation for P32P23 that we don't need. Similarly, using the commutation rule 

[P33,P23] = (1 -<? 2 )(P2iPi3+P22P23), the relation (g 4 pn + Q 2 P22 + ^33)^23 =^23 = Y.iP2iPi3 
can be rewritten as 

P11P23 = q~ 2 P2iPi3 ■ (D.3) 
Writing T = V\T\ for the polar decomposition of a bounded operator T, for the polar 
decomposition of ir(pii), % = 2,3, from (D.2) we get | Tr(jOii) | 2 = q 2 A\A 2 = (qAiAi) 2 . 
Therefore n(pu) = qV i A 1 A i . Applying n to both sides of the equation (D.3) yields 

A 1 n(p 23 )A 1 = A 1 A 2 VjV 3 A 3 A 1 , (D.4) 
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where we used the fact that pn and P23 commute, and so do A\ and it{p2z)- 

For any bounded operator T, it holds that ker(T)- 1 = range(T*). Being A\ positive 
with ker^i) = {0}, we have range(^4i) = %. Since the range of Ai is dense in "H, we 
can simplify the A\ factor on the right of both sides of (D.4), and since ker(.<4i) = {0} 
we can simplify the A\ on the left too. We get 7r(p 2 3) = A2V2V3A3. 

Setting A\ =: Z\, V2A2 —: Z2 and V3A3 =: Z3 concludes the proof of (D.l). 

Next, we show that 7f(zj) := defines a ^representation of A(S^), i.e. that the 
Zj's satisfy the commutation rules of the algebra A(Sg). Then the rest of the proof 
is straightforward: if the relations of A(Sg) are satisfied, some algebraic manipulation 
immediately gives from (D.l) that Z*Zj = it{pij) with kerZi = ker7r(pn) = {0} by 
hyphothesis. Also, since n(A(Sg))H D n(A(CP 2 ))l-L, if the latter space is dense in H, so 
must be the former: so if ir is irreducible, n is irreducible too. 

Among the defining relations of CP 2 we have pnpu = q 2 puPu for i = 2,3. Applying 
7r to both sides and using (D.l) it becomes Z\(Z\Zi — q 2 ZiZ\) = 0. This reduces to 
Z\Zi = q 2 ZiZ 2 , since ker Zi = {0} allowing to simplify the factor Z x on the left and 
get. Being Z\ positive it can be diagonalized, and by previous relation Z^ intertwines the 
eigenspace of Z\ with eigenvalue A > with the eigenspace of Z\ with eigenvalue q 2 \, 
i.e. it maps the eigenvalue y/X of Z\ to qV\ (—qV\ is excluded by the positivity of Z\). 
This proves 

Ztf^qZiZ!, i = 2,3. (D.5) 
Since Z 1 — Z*, by conjugating we get Z\Z,- L = qZ^Z^. 

The defining relation P12P13 = qpi3Pi2 yields Zf(Z 2 Z 3 — qZ 3 Z 2 ) = 0, using (D.l) and 
(D.5). Again Z\ can be simplified having kernel {0} and so Z2Z3 = qZ 3 Z2- Similarly 
from P2\P\3 = q 3 pi3P2i we deduce Z2Z3 = qZ3Z% - and by conjugation = qZ^Z^. 

From Z\ = Z\ we get the relation \Z\,Z^ = 0; from q~ 2 p2\Pn ~ P12P21 — (1 — q 2 )Pu 
we get [Z%,Z 2 ] = (1 - q 2 )Z x Zl, from q~ 2 p 3 iPi3 ~ P13P31 = (1 - <? 2 )(Pn +P12P21) we get 
[Z*, Z 3 ] = (1 - q 2 \Z x Z\ + Z 2 Z*). Using previous formulas for [Z*, Z 2 ] and [Z*, Z 3 ], the 
tracial relation Tr 9 7r(P) = 1 gives the spherical relation ^2, i Z i Z* = 1. With this, all the 
defining relations of are satisfied and the proof is complete. □ 

It is in general not true that a representation on a Hilbert space of a subalgebra of a 
given algebra can be extended to a representation of the full algebra on the same Hilbert 
space: one needs at least to extend the Hilbert space. The point here is that we can 
extend the representation from ^4(CP^) to A(Sg) without enlarging the Hilbert space. 

By previous lemma any irrep n : ^4(CP^) — > 13(H) with ker7r(pn) = {0} is the restric- 
tion of an irrep n : A(Sg) — > 13(H) with ker7r(,2i) = {0}. On the other hand any irrep 
7r : A{CP 2 ) ->■ B(H) with 7r(pij) = for all % = 1, 2, 3 is the pullback of an irrep of the 
standard Podles sphere, the *-algebra morphism ^4(CP^) — > ^4(CP^) being the map 

Pij,Pji !->■ V j , P22 H> A , P23 ^ B* , p 32 h-> B , P33 i-> 1 - q 2 A , 

where A and B are the original generators of Podles [17]. Next lemma shows that only 
these two cases are possible. 
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Lemma D.2. For any irrep n of A(CP 2 ) it is either ker7r(pn) = {0} or n(pn) = for 
all i — 1,2, 3. 

Proof. Suppose there is a vector v such that n(pn)v = 0. The element pu commutes with 
the generators pij for all i,j > 1, while pnpu = q 2 puPu and pnPn = q~ 2 PnPn for all i > 
1. This means that for any polynomial a in the generators n(pn)7i(a)v oc 7r(a)7r(p n )t> = 
and by linearity 7r(p 11 )n(a)v = for any a G A(CP 2 ). We conclude that the kernel of 
7r(pii) carries a subrepresentation of ir, but ix is irreducible thus we have only two cases: 
ker7r(pn) = {0} or 7r(pn) = 0. In the latter case 

Z)i 7r (P»i)* 7r (P»i) =7r(X) i PiiPii) = 7r(pn) = . 

A sum of positive operators n(pu)*ir(pn) is zero iff each one is zero, and for a bounded 
operator T the condition T*T = implies T = T* = 0. Thus 7r(pn) = implies that 
7r (Pi2) = 7r(pi3) = as well. □ 

We need to recall the representation theory of quantum spheres. Irreps of quantum 
orthogonal spheres A(S™) are classified in [11] - and in particular we are interested in 
A(Sg) while the case of the standard Podles sphere CPj is in [17]. The generators z% of 
A(Sg) are related to the Xj's used in [11] by Xj = z* and by the replacement q — > q^ 1 . We 
collect some results of [11, 17] into the following proposition, adapted to our notations. 

Proposition D.3. Any non-trivial irrep o/^4(CP^) is unitarily equivalent to one of the 
following two representations (cf. [17, Prop. 4.1], with parameter c — 0). The first is 
one- dimensional, Xoipij) = fe^3 (and Xo(l) = 1), the second is just the map xi in (4.5). 

Any irrep of A(S^) with Z\ not in the kernel is unitarily equivalent to one of the 
following family, parametrized by A G U(l) (cf. [11], eq. (3.10), n — 2): 

^t(z 2 )\h,k 2 ) :=q k Wl-q 2{k2+1) \h,k 2 + l) , 

^l(z 3 ) \h, k 2 ) := - q 2(kl+1) \h + 1, k 2 ) . 
Note that ker^jj^i) = {0}. For A = 1 we get the representation V'jUi = X2 in (4.7). 

Notice that restricted to ^4(CP^) all the representations ip\ are unitarily equivalent. 
Indeed, let U be the unitary transformation U \k\, k 2 ) := \ kl+k2 \ki, k 2 ); one easily checks 
that Uip\{a)U* = ip\ =l {a) = ^2(0) for all a G ^4(CP^) (indeed it is enough to prove it 
for a = pij). By Lemma D.l and Lemma D.2 any non-trivial irrep of ^4(CP^) is either 
the pullback of one of A(CP^) - and then unitarily equivalent to Xo or Xi ~ or it is the 
restriction of an irrep fc of A(S^) such that ker7r(2; 1 ) = {0} - and by Prop. D.3 it is 
unitarily equivalent to (the restriction of) Xi- 

Acknowledgments 

GL was partially supported by the 'Italian project Cofin06 - Noncommutative geometry, 
quantum groups and applications'. 



50 



References 



B. Blackadar, K-Theory for Operator Algebras, 2nd edition, Cambridge University Press, 1998. 
A. Connes, Noncommutative Geometry, Academic Press, 1994. 

J. Cuntz, On the homotopy groups for the space of cndomorphisms of a C* -algebra (with applications 
to topological Markov chains), in: Operator Algebras and Group Representations, Pitman, London, 
1984, pp. 124-137. 

F. D'Andrea and L. Dabrowski, Local Index Formula on the Equatorial Podles Sphere, Lett. Math. 
Phys. 75 (2006) 235-254. 

, Dirac Operators on Quantum Projective Spaces, Commun. Math. Phys. 295 (2010) 731-790. 

F. DAndrea, L. Dabrowski, and G. Landi, The Isospectral Dirac Operator on the A- dimensional 
Orthogonal Quantum Sphere, Commun. Math. Phys. 279 (2008) 77-116. 

, The Noncommutative Geometry of the Quantum Projective Plane, Rev. Math. Phys. 20 

(2008) 979-1006. 

F. D'Andrea, L. Dabrowski, G. Landi, and E. Wagner, Dirac operators on all Podles spheres, J. 
Noncomm. Gcom. 1 (2007) 213-239. 

F. DAndrea and G. Landi, Bounded and unbounded Fredholm modules for quantum projective spaces, 
J. K-Theory (2009); First view: [doi:10.1017/is010001012jktl02]; arXiv:0903.3553v2 [math.QA]. 
, Anti-selfdual connections on the quantum projective plane: families of instantons, in prepa- 
ration, 2009. 

E. Hawkins and G. Landi, Fredholm Modules for Quantum Euclidean Spheres, J. Geom. Phys. 49 
(2004) 272-293. 

J.H. Hong and W. Szymahski, Quantum Spheres and Projective Spaces as Graph Algebras, Commun. 
Math. Phys. 232 (2002) 157-188. 

A. Klimyk and K. Schmiidgen, Quantum groups and their representations, Springer, 1997. 

G. Landi, C. Rcina and A. Zampini Gauged Laplacians on quantum Hopf bundles Commun. Math. 
Phys. 287 (2009) 179-209. 

J.L. Loday, Cyclic homology, Springer- Verlag, 1997. 

S. Neshveyev and L. Tuset, Hopf Algebra Equivariant Cyclic Cohomology, K-theory and Index For- 
mulas, K-Theory 31 (2004) 357-378. 

P. Podles, Quantum spheres, Lett. Math. Phys. 14 (1987) 193-202. 

N.Yu. Reshetikhin, L. Takhtadzhyan, and L.D. Fadeev, Quantization of Lie groups and Lie algebras, 
Leningrad Math. J. 1 (1990), 193-225. 

L. Schwartz, Lectures on complex analytic manifolds, LMP 4, Springer- Verlag 1963. 
L. Vaksman and Ya. Soibclman, The algebra of functions on the quantum group SU(n + 1) and 
odd- dimensional quantum spheres, Leningrad Math. J. 2 (1991), 1023-1042. 

E. Wagner, On the noncommutative spin geometry of the standard Podles sphere and index compu- 
tations, J. Geom. Phys. 59 (2009) 998-1016. 

R.O. Wells, Differential analysis of complex manifolds, GTM 65, Springer- Verlag, 1980. 

Departement de Mathematique, Universite Catholique de Louvain, Chemin du Cy- 
clotron 2, B-1348, Louvain-La-Neuve, Belgium 
E-mail address: francesco.dandrea@uclouvain.be 

DlPARTIMENTO DI MATEMATICA E INFORMATICA, UnIVERSITA DI TRIESTE, VlA A. VALERIO 12/1, 

1-34127 Trieste, Italy, and INFN, Sezione di Trieste, Trieste, Italy 
E-mail address: landi@univ.trieste.it 



51 



